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Potts Models and Random-Cluster Processes 
with Many-Body Interactions 
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Known differential inequalities for certain ferromagnetic Potts models with pair 
interactions may be extended to Pons models with many-body interactions. As 
a major application of such differential inequalities, we obtain necessary and 
sufficient conditions on the set of interactions of such a Ports model in order 
that its critical point be a strictly monotonic function of the strengths of interac- 
tions. The method yields some ancillary information concerning the equality of 
certain critical exponents for Potts models; this amounts to a small amount of 
rigorous universality. These results are achieved in the context of a "Fortuin- 
Kasteleyn representation" of Potts models with many-body interactions. For 
such a Potts model, the corresponding random-cluster process is a (random) 
hypergraph. 

KEY WORDS: Potts model; Ising model; random-cluster process; critical 
temperature; critical exponent; differential inequality; universality. 

1. INTRODUCTION 

In the study of phase transitions, it is commonly  the case that the value 
of the critical point  is a monotonic  function of the strengths of local inter- 
actions. For  example, the critical temperature of a ferromagnetic Ising 
model cannot  decrease if the intensity of any pair interaction is increased. 
Such (weak) monotonici ty,  when true, is usually easy to prove. Strict  

monotonici ty,  on the other hand, presents special difficulties. A general 
approach to the problem of proving strict monotonici ty  of the critical point  
was described by Aizenman and Grimmett~-'~; they obtained necessary and 
sufficient condit ions for strict monotonic i ty  in percolation, and in addit ion 
proved strict monotonici ty  for certain Ising models with pair interactions. 
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68 Grimrnett 

The corresponding results for Potts models and random-cluster processes 
have been established by Bezuidenhout et al. (BGK) ~5) for processes with 
pair interactions. Since the lsing model is an instance of a Potts model, 
the latter work generalizes some of the conclusions of Aizenman and 
Grimmett. (2~ It is our purpose in this paper to go further than BGK and 
to show how strict monotonicity may be established for processes with 
many-body interactions. The basic techniques developed in BGK are central 
to the arguments presented here, but the present paper is self-contained with 
only little overlap of mathematical content with BGK. Further discussion is 
provided in GrimmettJ 8~ 

Rather than working directly with Potts models, we shall work with 
the corresponding random-cluster processes (sometimes known as Fortuin- 
Kasteleyn processes). In the case of pair interactions, the relationship 
between Potts and random-cluster processes is well understood (refs. 1, 6, 
and 9 and references therein). Potts models with many-body interactions 
do not appear to have been studied much in this regard, but it is 
straightforward to see that they correspond to random-cluster processes 
which are hypergraphs rather than the more usual graphs (i.e., the incidence 
relation is not that of pairs of vertices forming "edges," but of finite sets of 
vertices forming "hyperedges"). Furthermore, the magnetization of such a 
Potts model corresponds to the probability of certain infinite paths in the 
random-cluster process. This correspondence enables one to study the 
Potts phase transition by way of the random-cluster process. 

In Section 2, we sketch the relationship between Potts models and 
random-cluster processes, in the presence of many-body interactions. The 
class of random-cluster measures is (in a certain sense) more general than 
the subclass of such measures arising from Potts models, and it is in 
this more general context that the results of this paper will be stated and 
proved. 

In advance of sketching the main results, we make some remarks 
about the models studied. The simplest d-dimensional systems inhabit the 
hypercubic lattice Z u, with edges joining all pairs of points which are 
(Euclidean) distance 1 apart. Commonly each edge has an associated 
interaction J, which may be constant for all edges. Greater generality may 
be obtained by one or more of the following constructions: 

(a) Allow different edges to have different values of J. 

(b) Allow a different set of edges. 

(c) Allow many-body interactions, rather than pair interactions only. 

Authors often establish results for the simplest case above, and then may 
argue loosely that similar results may be obtained for more general 
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systems. The truth of such an assertion is sometimes far from evident. 
When studying such systems in generality, new difficulties usually arise. In 
the context of strict inequalities, no earlier author has obtained general 
results, and it is desirable to establish beyond doubt that general results are 
indeed valid (refs. 10; 12, Chapter I0; 13; 2; and 5). (Certain results for 
percolation have also been found contemporaneously by Wierman. c~4~) 
In the present context, we obtain a necessary and sufficient condition on 
the interactions of a Potts model in order that the critical point is strictly 
monotone in the interactions; see Theorem 3. This condition has a novel 
structure which is not evident from the easier case of pair interactions on 
7/d (i.e., the concept of an "essential" interaction introduced in Section 3). 
Various graph-theoretic difficulties arise in proving this result, and we see 
no way of avoiding the lengthy technicalities laid out later in this paper. 

Let q e [ l ,  oo), and let p= (p,.: ee K) be a vector of real numbers 
satisfying 0 ~ p,. ~< 1 and indexed by a finite family K of finite subsets of ;yd. 
There exists (as described in Section 3) a random-cluster measure (~p.q on 
the set of hypergraphs having Z d as vertex set, and having as set IF of 
hyperedges the union of certain periodic families of translates of the sets 
in K. Thus the family K contains a list of the basic interacting sets of the 
measure, and these sets describe a pattern which is repeated elsewhere in 
the lattice by periodic translations. The "order parameter" of the measure 
~bp.q is the function 

0(p, q) = ~bp.u(0 ~ ~ )  (I.1) 

which is the probability that the origin of Z a is in an infinite component 
of a random hypergraph sampled according to the measure. Since q >/1, it 
is the case that the measure ~bp. u satisfies the FKG inequality; consequently, 
0(., q) is nondecreasing in p (see ref. 1, p. 9). The zero set of the function 
0(., q) gives rise to a "critical surface" C u, being the set of vectors p such 
that all open neighborhoods of p (in R K) contain points p' with 0(p', q ) = 0  
as well as points p" with 0(p", q ) >  0. 

We address the problem of whether or not C o has "flat sections" in the 
sense that there exist p, p' e Cq with p ~< p' but p 4: p' (all vector inequalities 
in this paper of the form x ~<y should be interpreted coordinatewise). It 
turns out that, when the problem is suitably formulated, the set K of 
generating elements may be partitioned as K = g w , r  into a set g of 
"essential" elements and a set J of "inessential" elements, according to 
the following property. Let e e K, p ~ Cq, and let p '~ (0, 1)K be a vector 
satisfying Pe 4: P'e, Pl = P~ for all f 4 :  e; thus p and p' differ only in the 
component indexed by e. Then 

p,{r if e~$ '  (1.2) 
Cq if e e .~ 
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That is to say, the value of p,, (for e e J )  is immaterial to whether or not 
p e Cq, whereas the value ofp,, (for e e ~) is highly relevant. In other words, 
certain elements of K contribute in an essential way to the phase transition, 
while others make no vital contribution. We present, in Section 3, a charac- 
terization of the essential elements (i.e., the elements in ~) as those 
elements of K which contain the endvertices of two vertex-disjoint infinite 
paths in the hypergraph (77 d, E); actually, we shall take the last statement 
as a definition of the elements of ~, and shall prove (1.2). Theorems 1-3, 
in Section 3, are the main results of the paper. 

Throughout, we make use of the methodology developed by 
Menshikov, (~3) Aizenman and Grimmett, 12~ and BGK. ~5) The basic 
approach is to prove inequalities for the partial derivatives of the finite-box 
approximation 0,~ to the function 0. Let A be a finite box, let ~bA.p, q be the 
random-cluster measure on A with parameters p and q (with "wired" 
boundary conditions), and let 0,(p, q) be the ckA,p.q-probability that the 
origin is joined to the boundary of A. We shall prove that there exists a 
continuous function ct: (0, 1 )K __. (0, O0) such that 

00A 00,t forall p c ( 0 , 1 )  K and e, f e ~  (1.3) Op,, <<" ct(p) cGpj~ 

and for all sufficiently large A. Taken in conjunction with a proof that 
elements in 3" ( = K \ g )  do not contribute to the phase transition, 
inequality (1.3) turns out to be enough to imply (1.2). We shall prove (1.3) 
by the route laid down in BGK; the (many-body) generality of the current 
paper leads to certain difficulties not encountered in BGK, and these are 
resolved in Sections 5 and 6 by (hyper)graph-theoretic arguments. 

As remarked in BGK, the differential inequalities (1.3) have implica- 
tions for the values of certain critical exponents, particularly those which 
describe the behavior of the function 0(., q) at points close to Cq. Let 
pe Cq and let u lie in the (Euclidean) unit sphere V of I~ K. Let 

flP(u)=iim { l~ log ~ (1.4) 

if this limit exists. Subject to the existence of such exponents, inequality 
(1.3) may be used to show that, for given pe  Cq, the value of tip(u) is con- 
stant for all vectors u lying in some open subset of V which contains the 
"axial" unit vectors ue = (6er: f e  K) for e e d >, where 6,,f is the Kronecker 
delta. The argument of BGK is valid in this regard with almost no change, 
with the forthcoming Theorem 1 as a starting point; we shall therefore omit 
further details, referring the reader to the earlier paper and to the example 
at the end of this section, beginning just before (1.7). 
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We terminate this section with simple examples of the type of results 
derived in this paper. Let q be an integer satisfying q~>2, and write 
Z ' =  {1, 2 ..... q}"-'; we think of tr ( e s  as an allocation of a spin <r(y) to 
each vertex y (e7]2), where t r ( y ) + { l , 2  ..... q}. Let Z ' ,  be the set of all 
elements tr ( eL ' )  which satisfy t r ( y ) =  I ifyr A\OA, where A is some finite 
box of 7/+- and 0A is the boundary  of A. We wish to consider a Potts 
measure on Z" whose interactions are possibly many-body,  and we give two 
examples (see Fig. 1). 

E x a m p l e  1. Let e] = {0, 1, 2} +-, a square with side length 2, and let 
e2=  {0, 1} x {1 }, an edge with endpoints  (0, 1) and (1, 1). The sets ei are 
the basic interacting bodies of the process, and we consider all translations 
of ej and e+- by multiples of the vector (2, 2); i.e., we denote by IF the set 
IF = IF~ w IF+-, where 

IF,= {e i+  (2zt,  2z2): z =  (z, ,  z+-) e 7/+- } 

(2 ,2 )  

O .... O .... �9 
. . . .  

O---O----O 
(0,0) 

O--~--~--~--~--+--+ 
l l n u I l n 

i i i i | i | 

, : 1 ~ : 1 ' 1 
+ - - + - - + - - ' l - - - ~ - - + - - I  

i I i i i i | 
I I I i ! I i 

o i n ,, ,, : , , , , 

O--- O--- 0--- l . - -  0--- O,---,i 

O.. 4-.-O-.4---O.-4.--9, (2 ,2 )  : : : : 
�9 .... �9 .... �9 , , . - o  .o--o . , - o  �9 

o---o + ~_.. +_ .  q~_. . ,  ,+"  ~ "  ,+ '+  
.- - - . . - . .  ,+......+.....+......+ 

(o,o) H H H , 
,i.-...--+.-..---+....--i 

Fig. 1. The upper pair depict the interacting sets e~ and e_, of Example 1 (in dotted lines, and 
a solid line, respectively, on the left), together with the associated lattice Gs. The lower pair 
depict f] and f2 in Example 2, and the lattice G,. 
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Let J = (J~, J2), where J , ,  J2>0,  and let 

HA(a)= ~ Je(1-fr ~re~A 
g ~  E.,I 

(this is a convenient way of defining the Hamiitonian for what follows); 
here, IF A is the set of all members of E which are subsets of A, J~ = Ji if g 
is a translate of ei, and 

&,,(g)=J'l  if a(u)=a(v) forall u, veg 
otherwise 

We then consider weak limits as A T 7]2 of the Potts probability measure 

1 
nA.a.q(a)=-~-~Aexp[--flHa(tr)], aeXA (1.5) 

where f l > 0  and ZA is the appropriate normalizing factor. There is a 
standard definition of the critical inverse temperature /3,.(J, q) for this 
model (see Section 3). A special case of the forthcoming Theorem 3 is that 
fl,.(J, q) is strictly decreasing in J, i.e., tic(J, q)>fl,.(J', q) if J~<J '  but 
J :~J'. This conclusion is in contrast to that of the next (similar) example. 

Example  2. This differs from Example 1 in the single regard that e, 
and e2 are replaced byf~ = e~\{ 1, 1 },fz = e2. In this case tic(J, q) is strictly 
decreasing in J~ but is independent of Jz. 

These two examples are very similar in form, but the corresponding 
conclusions are strikingly different. This difference arises in the following 
way. Any collection E of subsets of 7/2 may be used to generate a graph 
having vertex set 7/2 and edge set given by the adjacency relation 

u ~ v  if { u , v } ~ g  forsome g e F  

Let G~ and G, be the two graphs thus generated in Examples 1 and 2, 
respectively (see Fig. l). A subset A of 7/2 is said to be "2-connected to oo 
in G;" if there exist two vertex-disjoint infinite paths of Gi, each having its 
(unique) endpoint lying in A. It is easy to see from Fig. 1 that both e~ and 
e2 are 2-connected to ~ in Gt, and it is this graph-theoretic observation 
which leads to the conclusion that tic(J, q) is strictly monotone in both Jt 
and J , .  On the other hand, in G2, f~ is 2-connected to ~ but f2 is not; as 
a consequence, tic(J, q) is strictly monotone in J, but not in J2 in this case. 

More generally, consider the vertex set Z d (where d~>2) together 
with some finite collection L of finite subsets of 7/d (in each of the above 
examples, L contains exactly two sets); each set e (e L) generates a periodic 
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family of translates of e. There is a family J = (Jr: e e L) of parameters. It 
turns out that the critical point fl,.(J, q) is a strictly monotonic function of 
a given parameter J,. if and only if the corresponding set e is 2-connected 
to oo in the appropriate graph. [The relationship between the collection L 
and the collection K introduced before (1.1) will become clear soon.] 

Such results will be obtained in the context of the random-cluster 
process with parameter q satisfying q e ( I ,  oo). It is interesting to note that 
the arguments of this paper fail in the case q-- 1, i.e., the case of percola- 
tion. In the case of Example 1, the percolation process in question is that 
having the product measure on the space/2 A = {0, 1 }e,, given by 

VA.p(tO)= l--I Pg~t~(1--pg) 1 '~x~,  ~Oel2A (1.6) 
g E E,f 

where p =  (p~, P2)e [0, 1] z, and Pg=Pi i fg  is a translate ofe  i. There is a 
standard definition of the critical surface of such a process (see Section 3). 
The arguments of Aizenman and Grimmett t2~ may be adapted to this 
general situation (as in the present paper) in order to obtain a condition 
on an interaction set e which is necessary and sufficient for the associated 
parameter p,. to contribute to the phase transition in an essential way; for 
further discussion, see the second paragraph after Theorem 1 in Section 3. 

Finally we illustrate our conclusions concerning critical exponents, 
making use of Example 1. Let M(J, fl, q) denote the magnetization of the 
Potts model observed in the limit as A T7/2 of the measure given in (1.5), 
and let fl,.=fl,.(J,q) denote the critical point, for a given J. With 
J = (J~, J2) fixed and J~, J,. > 0, we define the critical exponent 

~J(O)=lim { l~ e)' fl'' q ) -  M(d' fl'' q) ] log e (1.7) 

where 

J (0 ,  e) = (J l  + e COS 0, J2 + ~ sin 0) 

for any angle 0 for which xa(0 ) exists. (Such an exponent is usually 
denoted by ft.) It is a consequence of Theorem l(b) that the value of K j(0) 
is constant for all 0 satisfying 

-01  <0<�89 (1.8) 

for some 01 = 0~(J)> 0. That is to say, to a certain extent, the asymptotic 
behavior of M(J' ,  fl,., q), in the limit as J ' ~  J, does not depend on the 
direction of approach by d' of J. In particular, there is a constant critical 
exponent whenever d' ~ J, whatever the direction of this limit. 
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A corresponding conclusion is valid for any Potts or random-cluster 
process (with q > l )  in any dimension, with possibly many-body interac- 
tions. Similarly, a corresponding result is valid for percolation processes (by 
dint of the discussion appearing above, and after Theorem 1). Wierman 1'41 
has reached related but more limited conclusions for certain percolation 
processes. 

Above (1.7) we required that Jr,  J2 > 0, but actually this requirement 
may be weakened to obtain an interesting conclusion. If J2 = 0, then there 
is only one type of interaction (i.e., the translates of e t, being the sets in 
E t). The above observation concerning the equality of critical exponents is 
valid also at the point J = (J~, O) (~ Cu); that is to say, there exists 01 = 
O~(J~) > 0 such that Ks(O ) is constant for all 0 satisfying 0 ~< 0 < �89 + 0~. In 
the case 0 = O, the exponent •j(O) is associated with a process of "pure e~ 
type," since J2 is held equal to O. On the other hand, in the case 0 = �89 
Ka(�89 is associated with a marginal increase in the strength of interaction 
of sets in E2, being the translates of e2. We obtain therefore a small amount 
of rigorous universality involving processes of different (but related) types. 
Such an observation is valid in general, subject to a graph-theoretic condi- 
tion on the extra interaction (i.e., e2 in the example above). We state this 
extra condition here, using the terminology and notation to be introduced 
later in Section 3. Let e ~ L. Let ~ be the hypergraph obtained from H by 
deleting all hyperedges of the form (e, z) with z e 7/a. We call e acceptable 
if H,, satisfies (3.2) and (3.3), and in addition there exist two infinite vertex- 
disjoint paths of H,, each containing some point of e. It is not difficult to 
see that e2 is acceptable in Example 1, whereas e~ is not acceptable. It is 
precisely the property of acceptability which is relevant in the discussion 
earlier in this paragraph. See also the final paragraph of Section 4. 

2. PROCESSES WITH M A N Y - B O D Y  INTERACTIONS 

The random-cluster representation for a Potts model with pair 
interactions has been well documented by Aizenman etal., ~1~ Edwards 
and Sokal, t6~ Grimmett, 19~ and others. A similar representation is valid for 
Ports models with many-body interactions, the corresponding random- 
cluster process being a hypergraph rather than an ordinary graph. Such a 
consideration of many-body interactions leads to a theory which is a 
generalization of the original work of Fortuin and Kasteleyn. In particular, 
the generalized random-cluster process studied here has broadly similar 
properties to those of the Fortuin-Kasteleyn (FK) representation for 
processes with pair interactions, such as the FKG inequality and the 
comparison inequalities. We sketch this material in this section, beginning 
with some notation for hypergraphs. 
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Let V be a (finite or  infinite) set of vertices, and let E be a family of 
subsets of V each having cardinality at least 2. Members of E are called 
hyperedges, and the pair H =  (V, E) is a hypergraph; see Berge (41 for a 
general account  of the theory of hypergraphs. It is convenient (for a nota- 
tional reason which may be clear later) to permit multiple hyperedges, in 
the sense that any given subset of V may occur more than once in E. We 
say that distinct vertices u, v are adjacent to one another if there exists e e E 
such that { u, v } _ e; if this holds, we write u ~ v. A path in H is an alternat- 
ing sequence v,, e , ,  v2, e2,..., e , ,  V,+l .... of distinct vertices vi and distinct 
hyperedges e i such that {v~, vi+~ } ~_e~ for all i~> 1. If the path contains only 
finitely many vertices, and terminates at v,+ 1, it is said to connect v, to 
v,,+, and to be of length n (/>0). If the path contains infinitely many ver- 
tices, it is called infinite and is said to connect v, to oo. The requirement 
that the hyperedges of a path be distinct is not essential for that which 
follows, but is convenient; in the case of conventional graph theory, the 
edges are inevitably distinct if the vertices are distinct. 

For  A, B _  V, we write A ~ B if either A n B # ~ or there exist a ~ A 
and b e B such that a is connected to b by a path in H. It is easily seen that 

is an equivalence relation on V. The equivalence classes of this relation 
are called the components of H. A hypergraph is connected if it has a unique 
component.  

Next we define Potts models and random-cluster processes associated 
with the hypergraph H. In doing so, we make use of  the observation, due 
to Edwards and Sokal, ~6~ that such processes may be defined on the same 
probability space in a certain useful way. Suppose that the vertex set V is 
finite. Let q be an integer satisfying q>_-2, and write Xv= {1, 2 ..... q}V, the 
set of "spin vectors" tr = (tr(y): y E V) with tr(y) E { 1, 2 ..... q} for each vertex 
y. Let f2E= {0, 1} E be the set of "hyperedge configurations" t o =  (to(e): 
e~ E) with to(e)~ {0, I} for each hyperedge e. Let p =  (p,.: e e E) be a real 
vector satisfying 0 ~< p,, ~< 1 for all e. We define a probability measure on 
XvXt2 E, having parameters p and q, by 

1 
lau.p.q(a, co) = ~ I] {(1 - p,.) 6,,,(,.,.o + p,.5,o,,.,., 5~(e)}, 

e e E  

a c X v ,  toeDE 

(2.1) 

where Z is the appropriate normalizing factor, 6i.j is the Kronecker delta, 
and 6~(e) is given by 

,f o,.,-_o(v, rora, ,  .o e 

otherwise 
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Following elementary calculations (as in Edwards and Sokall6~), one 
obtains that the marginal measures of laH.p, q are 

1 
~n,p,q(a)=~ [1 { (1 -pe )+pea , , ( e )} ,  a ~ Z v  (2.2) 

eEE 

'{ } ~..p.q(co)=~ 1-I P~'~(I-P,.) '-'~ qk~, c o e ~  (2.3) 
eEE 

here, k(co) is the number of components of the hypergraph (V, q(co)), 
where q(co)= {eeE:  co(e)= 1} is the set of "open hyperedges" of co. The 
measures r~H.p, q and ~n.p.q are the well-known Potts and random-cluster 
measures, but in the context of many-body interactions. This is seen in the 
first ease by rewriting (2.2) in the form 

1 
TCH. p.q(a)= 2 I-I e x p ( - f l J ~ { 1 - 6 , ( e ) } ) ,  a e X v  (2.4) 

eEL" 

where the parameters fl and J = (J,.:e ~ E) satisfy fl > 0 and 

e-tJJ"= 1 -p , . ,  e ~ E  (2.5) 

The quantity fl is the "inverse temperature" and the J,. are the ferro- 
magnetic coupling variables. 

The conditional measure /2n.p.q(alco) is given as follows. Let coes e. 
By (2.1), whenever e is such that co(e)= 0, then no constraint is placed on 
the values of a in consequence of this fact. On the other hand, if e is such 
that co(e)= 1, then there is (conditional) probability 1 that 6,(e) = 1, which 
is to say that the spins of all vertices in e are equal. There being no further 
constraints (conditional on co), we deduce that there is equal (conditional) 
probability on any spin vector which has the property of being constant on 
each component of (V, r/(co)). That is to say, to each of the k(co) com- 
ponents of ( V, q(co)) is allocated a random spin, such spins being uniform 
on { 1, 2 ..... q} and independent of each other. There are qkl,o~ such possible 
spin vectors, and therefore 

fq-k~,ol if a(u)=a(v)  whenever u*-~v 
Iln'P'q(al co) = ~0 otherwise 

where A ,---, B means that there exists a e A (___ V) and b ~ B (~_ V) such that 
a and b are in the same component of the random hypergraph (V, q(co)). 

For u, v E V, let 

Ttl. p.q(U , 0 ) =  ~ ( 6 . t . l . . i , , ~ - - q - t ) r t n . p . q ( a )  (2.6) 
~EZ I, 
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which is the "two-point correlation function" of the Potts measure given in 
(2.2). Using the fact that rtn.p, q is a marginal of I~u,~. ~, we obtain that 

~:n.p.q(u, v)=  Y' (6,,,,).#l~.)--q-') #H.p.q(a, OJ) 
o', ~o 

ct~ E K2/:* a I '  

= Y~ ~.,,.~(og){(1-q-')I~,,_v~(og)} 
co ~ ~ E  

= (1 -q-t)(~H.p.u(U ~ V) (2.7) 

where I F denotes the indicator function of an event F (~ 12E). It is a conse- 
quence of (2.7) that long-range order in the Potts model corresponds 
exactly to the existence of long paths in the random-cluster process. 

Having sketched the relationship between Potts and random-cluster 
measures, we turn our attention to the latter, given in (2.3); we make four 
notes concerning such measures. 

(a) The parameter q. The measure ~u.p.u is well defined for all 
positive real values of q, not merely the integers; henceforth, when studying 
random-cluster measures, we shall assume that q ~ (0, oo). 

(b) The FKG inequality. There is a partial order on I2 E given by 
~-..<o9' if and only if og(e)...<og'(e) for all e~E.  A function f :  I2E~ ~ is 
called increasing iff(og) ~< f(co') whenever o9 ~< o9'. An event F___/2 E is called 
increasing if its indicator function IF is increasing. Having settled the 
necessary terminology, we point out that the measure ~bu,~. q satisfies the 
FKG inequality so long as q >/1: 

~ H.p,q(F ~ G) ~ (g H.p,q(F) ~ H.p,q(G) 

for all increasing events F and G (similarly, increasing integrable random 
variables are positively correlated). The proof of this follows that of 
Aizenman et al. ~ (Theorem 2.2), with one change in their equation (2.18) 
arising from the fact that 

k(o9") -k(og , , )=l -k , . (og , , )  for e ~ E  (2.8) 

where co e and o9~ are the hyperedge configurations given by 

,fir S--cite' ,fif S:eI e ,29, 



78 Grimmett 

and k,.(og') is the number  of components  of the hypergraph (V,q(og')) 
which contain vertices belonging to the hyperedge e. 

(c) Comparison inequalities. Given two measures ~b~, ~b_, o n / 2  E, we 
write ~1 ~ ~2 i f  

)-" f(og)~b,(og)-..< ~ f(og)~,b2(og) 
t o  ~ [2 E t o  E f i e  

for all increasing functions f : t ' 2 E ~  R. There are two partial orders of 
interest on the class of random-cluster  measures on s E. First, 

(bn,r ~ if q'>~q, q '>~l ,  p~,<~p,, foral l  e e E  (2.10) 

and second, 

(~H.p'.q' >1 ~bH.p.o if q '> /q ,  q ' /> 1, and 

p,. P,, (2.11) 
/> for all e ~ E q'l"l-~(l - p ' )  ql,'l-~(1 -p,,) 

The proofs of these inequalities are just as in Aizenman et aL ~ 
(Theorem 4.1) and they make  use (respectively) of the facts that: 

(i) k(o9) is a decreasing function of o9 [i.e., -k (o9)  is increasing]. 

(ii) k ( o g ) + Z , . ~ ( l e l - 1 ) o g ( e )  is an increasing function of o9 
Eel. (2.8)]. 

Here, lel is the cardinality of the set e, i.e., the number  of vertices in the 
hyperedge e. 

(d) Phase transition. It is premature  to discuss phase transition at 
this point, since H is assumed finite at this stage. In the next section, we 
shall construct a family (~b A q) of random-cluster  measures indexed by 
certain finite subsets A of 7/'~," and we shall take the limit as A ]" 7/d. The 
weak limit of the associated sequence of measures exists if q/> 1, and the 
question arises as to whether or not the limit measure exhibits a phase 
transition for any fixed value of q and as the parameter  p varies. The above 
comparison inequalities imply the existence of phase transitions .for all 
values of q (>/1) whenever it is known that  a phase transition occurs for 
some value of q (>/1). See Aizenman et ak t'~ (Theorem 4.2). 

3. STRICT I N E Q U A L I T Y  FOR CRIT ICAL V A L U E S  

Let d~>2, and let Z d be the set of d-vectors x = ( x t , x 2  ..... Xd) of 
integers. We begin this section by constructing a family (~A,p.u) of random- 
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cluster measures indexed by finite boxes A contained in 7/a; then we shall 
take the limit as A 1" 71 a, and shall consider the phase transition exhibited by 
the (weak) limit measure 

~bp, q = l im ~bA.p, . (3 .1)  
A l z't 

Let K be a finite family of distinct subsets of 7/d satisfying lel/> 2 for 
all e e K. Sets in K are the basic "interaction sets" of the process; if lel = 2 
for all e ~ K, then only pair  interactions occur. The class K generates a 
family of "interaction sets" in 7/d obtained by applying periodic families of 
translates to the members  of K. Let r = (T(e): e ~ K) be a sequence of points 
in 77 d, and we assume that  each z(e) = (rl(e),  zz(e) . . . . .  "Cd(e)) satisfies 

r~(e )>O for ! <~i<~d 

for all e ~ K. To  each e E K there corresponds a family 

T ( e ) =  {e + z.r(e): z ~ 77 d} 

of copies of e obtained by translating e by all (vector) multiples of  z(e); 
here and later, 

U.V=(Ul l )  I,U21) 2 ..... UdVd) f o r  u , v ~ Z  d 

In the simplest situation, we may take r ( e ) = ( 1 ,  1 ..... 1) for all e, but 
many  cases of practical interest are more  complicated than this. We write 
s = K x  Zd. The set s generates a family of subsets of ~d given by the 
mapping  (e, z)~---~ e + z . r (e)  for (e, z )~  IF. This family may contain multiple 
entries, since there may exist (e~, z t), (ez, z_,) e 0: such that  e t + zt.r(e~ ) = 
e2 +z2.z(e2). We define H to be the hypergraph with vertex set 7~ a and 
hyperedge set (e + z . r (e) :  (e, z ) e  IF), each hyperedge occurring the correct 
number  of times. Upon  the hypergraph H we shall construct the random- 
cluster measures. For  u, v e 71 d, we write u ~ v if there exists (e, z )~  IF with 
{u, v } ~ e + z. r(e). We say that  "the vertex w is 2-connected to ~ "  if there 
exist two infinite vertex-disjoint paths, neither containing w, but such that 
their endpoints  u and v satisfy w ~ u and w,--v. We make the following 
assumptions about  the family K: 

The infinite hypergraph H is connected (3.2) 

The origin is 2-connected to ~ (3.3) 

Assumption (3.2) is vital for what  follows. Assumption (3.3) is a matter  of 
convenience only, as the following sketch argument  indicates. The hyper- 
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graph H is invariant under translations of the form x ~ x + z . t  for any 
given z �9 Z a, where t = ( t l ,  t2 ..... td) is given by t i =  I-I,.~ x ti(e). Therefore, 
if there exists a vertex which is 2-connected to ~ ,  then there exists a 
periodic class of such vertices; in this case, we may as well assume that 
the origin lies in this class. In order to show that such vertices exist, 
we may argue as follows. We define a doubly-infinite path of H to be a 
doubly-infinite sequence .... v_ t, e_ i, Vo, eo, vl, et .... of distinct vertices v,. 
and distinct hyperedges ej such that {vi, v~+~} ~_e; for all i. The graph Z d 
(considered as a graph with the usual neighbor relation) contains many 
doubly-infinite paths, including, for example, the first coordinate axis. 
Consequently (using the argument in the proof  of the forthcoming 
Lemma 9), H must contain a doubly-infinite path lying close to this coor- 
dinate axis: more specifically, there exists a constant D and a doubly-infinite 
path n of H such that each vertex of n lies in the tube Z x [ - D ,  D ]  d -  I 

However, every vertex of a doubly-infinite path of H is 2-connected to ~ .  
For  a reason which will become evident soon, it is convenient to 

describe the hypergraph H in an equivalent but different way than that 
used above. Let 

x i = l c m { z i ( e ) : e � 9  l <<.i<~d 

which is the least common  multiple of the g(e) ;  we write x = (Xl, x2 ..... Xd). 
The hypergraph H is invariant under translations of Z d of the form 
x ~ x + z. x for any given z �9 Z d. Let 

L=(e+z.t(e):O<<.zi<xi/t i(e)forl<~i<<.d, e � 9  

be a family of translates of the members of K; note that the entries of L 
may be repeated, since there may exist e , f � 9  with e # f  such that 
e + z(e). r(e) = f + z ( f ) .  r ( f )  for some z(e), z ( f )  �9 Z d satisfying 0 <~ z, (g) < 
~:~/r~(g) for g = e , f  and l<~i<~d. Instead of working with the set 
~: = K x Z a, we propose to work with the set E = L x zd; this will aid the 
calculations to follow. There is a one-one  correspondence between E and 
F, but a little care is needed to see this, since L may have some entries 
which are equal. Each pair (e, z) �9 0: may be mapped onto a triple (e, u, v) 
where u, v ( �9 7/d) are given by the factorization 

z . t ( e ) = v . x + u . t ( e ) ,  O<~ui<x~/ri(e) for l<~i<~d 

Since the pair (u, v) specifies z uniquely for any given e, we have that U: is 
in one-one  correspondence with the set I x g d, where 

d 

I =  l-[ I-[ {0, I ..... (h 'J r , (e ) ) -  I }  
e ~ K  i = 1  
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is the index set of L. Therefore E and ~: are in one-one correspondence; the 
useful way of thinking about this correspondence is via the mapping 

(e, z) ~ (e + u.r(e), o) (3.4) 

for (e, z)~ U:, where u and v are given as above. The set IF generates the 
same family of hyperedges as before, the pair (e, z) (~ E = L • Z a) giving 
rise to the subset e + z . x  of 7/a. As before, this collection of subsets may 
contain multiple entries. We emphasize the role of IF by writing H as the 
pair IH = (7/d, F); this involves a (slight) abuse of notation, since E is not 
itself a set of subsets of Z a. When we speak of a hyperedge (e, z) ~ E, we will 
be referring to the corresponding set e + z. fc of vertices. 

A configuration co = (co(e, z): (e, z )EE)~  {0, 1 }z is an allocation of 0 
or 1 to each hyperedge of H, and I2 denotes the set of all such configura- 
tions. With C2 we associate the a-field ~ generated by the finite-dimen- 
sional cylinders. For co ~ f2, we write q(co) = {(e, z)~ E: co(e, z) = 1 }, the set 
of "open" hyperedges. We shall sometimes confuse the roles of co and r/(co), 
and may speak of "co containing the hyperedge (e, z)" when we mean that 
(e ,z)~q(co) .  For subsets A and B of Z a and configurations co we write 
A ,--, B if there is a path of (Z d, q(co)) joining some point in A to some 
point in B. 

Let A be a finite box of Z a, i.e., 

d 

A = l-I [xi, Yi] for some x, y ~ Za 
i = 1  

The box A gives rise to a subhypergraph of H defined as follows. Let AA 
be the set of all vertices v (CA) with the property that every infinite path 
of H beginning at v contains some vertex of A; let / t = A  uzlA. With the 
set A we associate the set EA of all hyperedges (e, z) (~ I:) with e + z.~ ~ A. 
Thus, (,/, EA) is the finite subhypergraph of H obtained by adding to A all 
vertices which lie in no infinite path of Z'Z\A. It turns out to be more 
convenient to work with the hypergraph (4, EA) rather than with the 
smaller hypergraph induced by the vertex set A, although in principle the 
arguments which follow might be reworked along the latter route. We shall 
see in Lemma 9 that there exists a constant D such that 

A c _ A ~ A + [ - D , D ]  a 

for all finite boxes A. 
We define the boundary OA as the set of points v (~/ / )  for which there 

exists w ( r  satisfying v ~ w; i.e., 

822/75/1-2-6 
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Note that, by the definition of A, it is the case that 0A~_ A. The main 
advantage of working with (,~, II:,1) is that, for all u~, uz~cgA, there exists 
a path joining u~ and u2 using only hyperedges lying in E\EA; see 
Lemma 10. 

Finally, let 12 A be the subset of s'2 containing all configurations ~o 
satisfying w(e, z) = 1 if (e, z)r  EA, and write ~A for the or-field of all subsets 
of C2 A . 

Next wedefine the random-cluster measures. Let p =  (p,,: e~L)  be a 
real vector satisfying 0 ~< p,. < 1 for all e ~ L, and let q be a positive real 
number. The parameters p, q specify a random-cluster process in the 
following way. For any finite box A, we let ~A.p.q be the probability 
measure on (~2A, o~a) given by 

1 { " ' )  1-- -,,m.)} p,, ( qk(O,), 12 A (3.5) = 1-I p,,)' 
( e , z ) E  E.j 

where k(w) is the number of components of the graph (Z a, q(o~)), and 

ZA= ~ { 1-I P, , '~ 
~o~ (2 I (~,,.7 )EEl ,  

is the appropriate normalizing constant. Note that the measure ~ba.p.q 
contains a "product measure" term together with a "Radon-Nikodym 
derivative" qk('~ It is interesting to note that much of the contents of 
this paper may be generalized to situations in which this "derivative" is 
replaced by one of a large family of nonconstant positive functions (see the 
discussion after Proposition 5). The measure defined in (3.5) is essentially 
the same as that given in (2.3) and defined on the hypergraph obtained 
from H by identifying all vertices not belonging to A\aA (see Lemma 10). 

We assume henceforth that q/> 1, and we shall occasionally suppress 
explicit reference to q. It may be seen, as in Aizenman et al., (~1 that the limit 
measure 

~bp.,i = lim ~b, 
A T Z d "P 'q  

exists in the weak sense, where the limit is understood to be taken along 
any increasing sequence of finite boxes A. For any such box A, let 

0A(p, q) = ~A.p.q(O ~ ~ )  

where {0,---, ~ } is the event that the origin (denoted by 0) is in an infinite 
component. It is the case that 

OA(p, q) ~. 0(p, q) as A T Za 
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where 

0(p, q ) =  ~bp.q(0 ,--, co) (3.6) 

As remarked at the end of the last section, ~bA.p. q and ~bp.q satisfy the FKG 
inequality, and it follows as in Aizenman etal. (1) that the quantities 
0A(p, q) and 0(p, q) are nondecreasing functions of p when q~> 1. 

For p �9 [0, 1] C let 

?,.(p) = sup{y >/0: 0(yp, q ) = 0 }  

The set Cq= {p~ [0, 1]L: ?<.(p)= 1 } is called the critical surface of the 
process, and the sets 

SBq= {p�9  [0, l]~':?,.(p)> 1} 

SPq = {p �9 [0, 1 ]t_: ?<.(p) < 1 } 

are called the subcritical and supercritical regions. We shall prove a result 
concerning the behavior of 0(., q) in the neighborhood of the critical sur- 
face. Our result amounts to a characterization of those hyperedges (e, z) �9 E 
which contribute in a vital way to the phase transition. To this end we 
introduce a classification of hyperedges in E. For (e, z)~ E, we call the 
hyperedge (e, z) essential if there exist u, v � 9  and two infinite vertex- 
disjoint paths of H with endpoints u + z . x  and v+z.~c (lying in e+z .x ) .  
Note that, unlike the case when lel = 2 for all (e, z )e  F, the hyperedges of 
the above paths need not (and generally will not) be distinct. If (e, z) is not 
essential, we call it inessential. Since H is invariant under translations of the 
form x~-->x+z.x for given z�9 d, it is the case that (e, z) is essential if and 
only if (e, O) is essential. We denote by g the set of all e �9 L for which (e, 0) 
is essential, and by 3" the set of all e � 9  L for which (e, 0) is inessential. We 
write 

~ = g  + ~a.x, 3 = J + 7 / d . K  

for the families of all (respectively) essential and inessential hyperedges 
of H. 

Let A(n)= [ - n ,  n] a, and let O.(p,q)=O.~(.)(p,q). For p e r  t- we 
define ~ =  (/~,,: e � 9  by 

{ ; .  if e � 9  (3.7) 
/~e= if e � 9  

For a subset F of [~L, we write j0 for the set of vectors q = (q,.:e e g ) � 9  R '~ 
with the property that there exists p �9 F such that q,. = p,, for all e �9 g; thus 
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P is the projection of F with respect to those components indexed by g. Let 
U be the unit sphere of ~ ,  with the topology induced from the Euclidean 
topology on R ~. We call a subset F of ~t  full if P is an open subset of U 
which contains the set of all points of U having nonnegative coordinates 
(i.e., all points of U lying in the first orthant of R~). Our main result is the 
following. 

T h e o r e m  1. (a) Let q>~l. For p ~ ( 0 , 1 ) t ,  

0(p, q )=0(~ ,  q) (3.8) 

(b) Letq> l andletp~Cq, whereO<pe<l foral lee8.  Thereexist 
positive constants 6, v, and ~o, together with a full subset F of E L, such 
that 

0(p + veg, q) <<, 0(p + eh, q) ~< 0(p + 6eg, q) (3.9) 

for all 0 < e < eo and all g, h s F. 

It is a consequence of part (a) that the presence or absence of inessen- 
tial hyperedges is irrelevant for the existence of infinite paths from the 
origin. Consequently, in studying the long-range properties of the process 
with parameter p, it suffices to work with the reduced vector ~. Note that, 
in part (b), the quantities 6, v, co, and F may depend on the value of ~. It 
is easily seen from part (a) and the definition of Cq that 0(p +eh, q ) >  0 
when p ~ Cq, e > 0, and h is such that he > 0 for all e e 8. A consequence of 
Theorem 1 is therefore the existence, for each p e Cq with Pe > 0 for e ~ $', 
of a positive real el and a full subset F of •t. such that (p + eF) ca [0, 1 ] '  
SPq for 0 < g < e l .  

Part (b) is the principal part of Theorem 1. As remarked in the 
introduction, the arguments leading to (3.9) fail in the case q = 1, i.e., in the 
case of "many-body" bond percolation. Nevertheless, the arguments of 
Aizenman and Grimmett  ~2~ may be adapted in order to derive a corre- 
sponding result (via a corresponding version of Theorem 2). There is, 
however, an important variation in the case of percolation, in that the 
collection o ~ of essential hyperedges must be replaced by a collection 8 '  
defined in the following way. For co ~ Q and e ~ L, let ~o~, w e e/2 be given 
by (2.9). We say that co (~O)  contains a doubly-infinite path if there exists 
a doubly-infinite alternating sequence .... v_ ~, e_ ~, vo, eo, v,, e, .... of 
distinct vertices v~ and distinct hyperedges ej such that {vi, v;+,} ~_ e; and 
o3(ei) = 1 for all i. Now, we define ~ '  to be the set of all e (~ L) with the 
property that there exists o ~ O  such that o~" contains a doubly-infinite 
path but w,. contains no such path. It is clear that $"___ $', and it is some- 
times the case that $ ' 4 = 8  (for example, in Example 1 at the end of 
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Section 1, we have that $ '=  {el, e2}, but g ' =  {el}). The set g '  assumes the 
role of g in the case q = 1, and the reason for this is roughly as follows. The 
hyperedges (e, z) which are relevant for the percolation phase transition are 
those which have the (geometrical) capacity to be pivotal for the event 
{0 ,---, ~ }, and it may be seen that (e, z) is of this type if and only if e e g'. 
On the other hand, if q > 1, a hyperedge can in certain circumstances be 
relevant for the random-cluster phase transition even though it can never 
(on geometrical grounds) be pivotal. This occurs if the hyperedge, when 
present in a configuration, can influence the presence or absence of other 
hyperedges having the capacity to be pivotal. That is to say, such a hyper- 
edge is relevant by virtue of the (nonconstant) term qk~,,,~ in the random- 
cluster measure (3.5), rather than by virtue of its capacity for pivotality. 

The principal step in the proof of part (b) of Theorem 1 is the 
following calculation. 

Theorem 2. Let q >  1. There exists a continuous function 
ct: (0, 1)L ~ (0, ~ )  and a positive integer N such that 

00,, O0,, 
- -  ~< ~(P) O--~m Op~ t~r (3.10) 

for all p e (0, 1) L, all n >/N, and all pairs e, f e  g. 

This theorem resembles closely Theorem 1 of BGK. Its proof, how- 
ever, is considerably more complicated, owing to its extra generality. In 
understanding the central role of the family g, various difficulties are 
encountered. The resolutions of these difficulties seem to require substantial 
technical arguments involving the relationship between the random-cluster 
measure and the structure of the hypergraph H. 

Before stating the next theorem, we introduce some notation. Given 
two  vectors x = (xi) and y =  (yi), we write x~<y ifx~<~y~ for all i, and we 
write x < y if x ~<y but x :/: y. A function p: R " ~  R" is called increasing 
if p(x) ~< p(y) whenever x ~< y. We say that p(x) is a strictly increasing func- 
tion of x~ if p(x) < p(y) whenever xl < y; and xj~< yj for all j:r i. 

Theorem 1 has a valuable consequence obtained by narrowing the field 
of application to a one-parameter family of processes. Let J = (3,.: e e L ) e  
[0, oo )L and let fl > 0; we think of J as describing the strengths of the many- 
body interactions, and/~ as being the parameter (or "inverse temperature") 
of the process. Suppose that p is a continuous increasing function of the pair 
(J, fl), say p = p(J, fl). The critical value of fl is given by 

fl,.(J, q )=  sup{fl: 0(p(J, fl), q )=  0} (3.11) 



86 Gr immet t  

An example of particular importance is the case when 

p,,= 1 - e  -/~-' for eeL (3.12) 

[cf. (2.5)]. We write ~ for the function obtained according to (3.7); i.e., if 
P(J, fl)= (Pe(J, fl): eeL), then O(J, f l)= (/},,(J, fl): eeL), where 

fie(j, fl)={O,.(J, fl) if e E g  
if eEoC 

T h e o r e m  3. Let q > 1, and suppose that the function p: [0, ~ ) L x  
(0, oo )~  [0, 1] L is continuous and increasing. 

(a) It is the case that fl,.(J, q)=#,.(J', q) if 0(J, f l)= O(J', fl) for all ft. 

(b) In addition, t ic(J,q)>fl , .(J ' ,q) if ~(J, f l )<~(J ' , f l )  and 
0</~e(J, fl)< 1 for all e E 8  and f l>0.  

We now sketch the application of Theorem 3 to Potts models. Let q 
be an integer satisfying q>~ 2, and let J = (J,.: e E L) be a vector of strictly 
positive reals. Write Z = { 1, 2 ..... q } ~, and let ZA be the set of spin-vectors 
a (E Z) satisfying a(y) = 1 if y r A \OA. We consider the Hamiltonian 

HA(a)= ~ J,.(l--5,,(e,z)), aEZ,  (3.13) 
(e,z)E~. 

where 

otherwise 

We are interested in the probability measure hA.j, u given by 

1 
rL,.a.q(a)=--~Aexp[--flH,da)], aEZA (3.14) 

where fl > 0, and YA is the appropriate normalizing factor. The weak limit 

l lim rt A a 
~ J , q ~ A ~ _  d �9 .q 

exists, and is independent of the choice of increasing sequence of boxes A; 
see Aizenman et al. {'} for details of the argument, which is valid for many- 
body interactions as for pair interactions (the forthcoming Lemma 10 is 
relevant here). The order parameter is given by 

q (rt~.q({a: a ( 0 ) = l } ) - ~ )  (3.15) M(J, fl, q) =- - - -7  
q - i  
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and the critical point by 

fie. (S, q )=  sup{fl: M(J, fl, q )=  O} 

We have that gA,a,q(O'(y)= 1)= 1 for all y e O A  and aeZ" z. Writing 
H =  (.,T, Ea), we can represent the probability na.a,q(a ) as the conditional 
probability rtH.p,q(aAIB ) given by (2.4), where B = { a ( y ) = l  for all 
y~OA},  aa=(cra(x):  x e.-~) is given by aa(x )=a(x )  for x e.~, and p 
satisfies (3.12). It follows, by applying (2.6) and (2.7) with u = 0  and v 
being a composite vertex obtained by identifying all vertices in O..~ (and 
making surreptitious use of Lemma 10), that 

! 
rCA.a.q(a(O ) = I ) -- i = (1 -- q-- ') 0A(p, q) 

q 

whence 

M(J, fl, q) = O(p, q) (3.16) 

Therefore tiP(J, q)=fl,.(p, q), where p=p ( J ,  q) satisfies (3.12). Note that 
~(J, q) is strictly increasing in J,, for any e ~ g .  It is a consequence of 

P J P ^ p =/L(s, q) q) Theorems 1 and 3 that fl,.( , q) and that fl,.(J, is strictly 
decreasing in any J,, for which e ~ r As in Aizenman and Grimmett/2~ the 
derivatives of fl,r,(j, q) with respect to the J,, ( e~g)  may be bounded above 
and below by continuous and strictly negative functions. 

4. R U S S O ' S  F O R M U L A  A N D  T I M E  E V O L U T I O N S  
FOR R A N D O M - C L U S T E R  P R O C E S S E S  

As before, A is a finite box of ~_a, and EA is the set of hyperedges (of 
E = L x Z a) which are subsets of .~. On (f2A, o,~ ) we construct a probability 
measure which is slightly more general than that defined by (3.5). Let 

= (p,.= : (e, z) ~ I: A ) be a vector of reals each of which satisfies 0 ~< p,,: <~ 1, 
and define the measure ~ on (f2 A, ~A) by 

1{  l- I "'"':' } o9~(2 A (4.1) ~1o9)=~ (, ~ , p , . , :  (l_p,.,=),-,o.,.:~ q*,Ol, 
�9 ,.7 : 

where Z =  Z(A, ~, q) is the appropriate normalizing factor. The measure 
C~A,p, q of (3.5) is retrieved by setting p,..== p,, for e e L  and z ~ Z  a. Thus, in 
(4.1), each hyperedge (e, z) has an associated independent variable p,.,:. 

We write Ix for the indicator function of an event A; for (e,z)~EA, 
we write I,..= for the indicator function of the event {w(e, z )=  1}, i.e., 
I,,.:(w)=co(e,z) for co ~ f2. 
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Proposition 4. Let 0 < q < ~ ,  and let A ~ ~ .  If 0 < Pe.~ < 1, then 

d t cov(Ie , IA) foral l  ( e , z )6EA (4.2) Ope.:~(A)=pe.:(1-p,..=) .=  

Here, "cov" denotes covariance relative to the probabil i ty measure tk. 
In the case q = 1, Eq. (4.2) is a version of Russo's formula for percolation, 
but in a form first discovered by Barlow and Proschan (ref. 3, p. 10); see 
Gr immet t  (ref. 7, p. 38). It is notable that (4.2) is valid for all values of q. 
Indeed, (4.2) is valid for any measure of the form of (4.1) with the term 
q,l,o~ replaced by an arbi trary function of o9 which does not depend on p,..: 
(see also the discussion after Proposi t ion 5). We omit  the proof  of the 
above proposit ion,  which may  be taken directly from BGK.  The assump-  
tion that  0 < p,.= < 1 may  be relaxed; see the final paragraph  of this section. 
The bulk of the remainder  of this section is devoted to a representation for 
the covariance in (4.2), when A is an increasing event; this representat ion 
is essentially the same as appears  in Section 3 of BGK,  but differs in the 
important  detail of condition (4.13). 

Suppose that q~> 1 and let A be an increasing event of (OA, ,~A) (that 
is, if o e A and w ~< tn', then co'~ A ). It will be useful to have recourse to 
a representation for a~(A)/Ope.: containing only nonnegative terms. 
Suppose that 0 <  p , . . <  1 for all (e, z ) e  E,~. Using (4.2), we may write 

O ~(A)= ~ ( A )  {~(og(e,z)=llA)-~(og(e,z)=l)} (4.3) 
O p , , :  p,, .(1 - p , . : )  

The term in braces is nonnegative (by the F K G  inequality) and may be 
represented in terms of coupled time evolutions of the random-cluster  
process. We show next how this may  be done. 

We shall construct certain Markov  chains on the state space .(2 A. Let 
/.( be a probabil i ty measure on (I2~, ~A), and let G:s'2 A xs'2A ~ ['0, oo) be 
the generator  of a Markov  chain [i.e., for co 4: oY, G(~o, w')  represents the 
j ump  rate of the chain from o9 to o9', while a diagonal element G(og, o9) is 
chosen in such a way that Y-,o. G(og, o9 ' )= 0].  If the pair (p, G) satisfies the 
balance equations 

g(o9)G(w, og')=Ix(oY)G(~o',co) for all o9, oY e f2 A (4.4) 

then the chain is reversible with stat ionary measure #. 
For  09 e 1"2 A and (f,  y ) e  IF A , we define the configurations oJi..,, and o / ' "  

by 
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We define 

ogr.y(g, x ) =  {O (g' x) if (g, x) ~- (f, y) 
�9 if ( g , x ) = ( f , y )  

ogf, y ( g , x ) = { l ( g , x )  if (g, x)-~ (f, y) 
if (g, x )=  (f, y) 

Dr . y(og) = k(mc y ) - k(o9 f" Y) (4.5) 

which is the increment in the number of components of the configuration 
depending on whether or not it contains the hyperedge (f, y) [cf. (2.8)]. 

There are two instances of (4.4) of importance for (4.3). When/~ = ~, 
Eqs. (4.4) are satisfied when we take for G the function H: s A x I2 A--. 
[0, 0o) given by 

H(o9f.y, o9]:-")= 1 (4.6) 

H(O9 j: Y, r .,.) = ~ ( e ) f . . , . )  = 1 - -  p j :  y qOj. . , . I ,ol  (4.7) 
~(o9J: '3  PJ: ,, 

for o9 ~ s and (f,  y)~H: A, where H(o9, to') is set to 0 for other pairs o2, o9' 
with o9 =~ co'. 

In the second instance, we take / 2 = ~ ( .  ]A), and in this case (4.4) is 
satisfied by the generator H A given by 

HA(Og, Og')=H(O9, Og')IA(O9 A W ') if o9~o9' (4.8) 

where o9 ^ og'(g, x ) =  min{og(g, x), og'(g, x)} for (g, x )~  E,~. 
These two instances give rise to Markov chains which can be 

constructed on the same sample space in such a way that the first "lies 
beneath" the second. To this end we argue as follows. 

Let OA be the set of all pairs (n, o)) of configurations in f2A satisfying 
n ~< co. We define J: 01t x 0,t ~ [0, oo ) by 

J(rtj:.,., o9; rt -t:-'', ogf' Y) = 1 (4.9) 

J(n, 02 f' Y; n j: y, o~t: y) = HA (o9./: y, o&: y) (4.1 0 ) 

j (nf .  y, og.t:.,'; ~r..,., ogf'"') = H( ny''', ~r..,.) - -  HA( ogf''v, O).i: .,.) (4.11 ) 

for all (n, o9) ~ OA and (f, y) ~ H: A ; all other off-diagonal values of J are set 
to 0. Equation (4.9) specifies that, for n ~ s A and (f, y )~  [E A, the hyperedge 
(f, y) is acquired by n (if it does not already contain it) at rate I; any 
hyperedge so acquired is added also to co if it does not already contain it. 
Equation (4.10) specifies that, for og~I2A and (f, y)Eq(og), the hyperedge 
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(f, y)  is removed from o9 [and also from ~ if (f,  y ) ~ r / ( n ) ]  at the rate given 
by (4.10). For  (f, y ) ~ q ( n )  [~rt(og) ], there is an additional rate at which 
(f, y)  is removed from rt but not from 09. Note  that  this additional rate 
[given in (4.11)] is indeed nonnegative,  since 

H(n.t: ", n.c.,') _ HA (o/ .  ", ~ = 1 -- pj; .,, { Q D L  r(n) - -  qD~:,.I,,,IIA(wj:.,. ) } >1 0 

(4. t2) 

by (4.7) and (4.8); remember  that q~>l and Dc.~.(co) ~< Df.,.(n) when rt ~< o9. 
This additional rate is strictly positive if and only if 

either ~ c , , r  or o9f. . , .~A.andDi.. , .(~)>Df., .(o9 ) (4.13) 

We note also that the transitions referred to in (4.9)-(4.1 1) take pairs 
(rt, 09) with ~<o9  onto new pairs (~', 09') with rt' ~< o9'. Therefore, the func- 
tion J is the generator  of a Markov  chain (X,, Y,),>,o taking values in OA. 
We assume henceforth that (X,, Y,),>~o is such a chain, and we set 
(Xo, Yo)= (0, 1), where i (~12 A) is the configuration which takes the value 
i on every hyperedge in ~A. We write P for the appropr ia te  probabil i ty 
measure on the set of sample paths of this process. 

By further examinat ion of (4.9)-(4.11), it is easily seen that 
X =  (X,),,~o is a Markov  chain on (2 A with generator  H, and s tat ionary 
measure ~b. Similarly, Y =  (Y,),_>o is a Markov  chain on the subset A of-QA 
with generator  given by H A restricted to A • A, and s tat ionary measure 
~(" I A). Both these chains are irreducible. This claim is trivial for X, since 
each hyperedge has a strictly positive birth and death rate in this process. 
The claim is also true for Y, as the following argument  indicates. If 09 ~ A 
and Y, = co, then the process Y can progress (with a strictly positive prob-  
ability) from o9 to the state 1; this is valid because hyperedges are acquired 
by Y at rate !, and furthermore 1 ~ A by virtue of the facts that  09 ~ A and 
A is an increasing event. If o9' ~ A, then Y can progress from 1 to 69' by the 
removal of exactly those hyperedges (f, y)  for which o9'(f, y ) = 0 ;  such 
transitions have strictly positive j ump  rates, since A is an increasing event. 

It follows from the irreducibility of X and Y, and from the facts that 
and ~(. I A) are stat ionary measures for X and Y, respectively, that 

lim P( X,( e, z) = 1 ) = ~(og(e, z) = 1 ), lim P( Y ,( e, z)  = 1 ) = ~( o9( e, z)  = 1 I A ) 
t ~ z t _  t ~  

for (e, z) ~ IV~ (re['. 15, Theorem VI. l . l  ). 
Finally we recall that X, ~< Y, for all t, in the light of which (4.3) may 

be written in the form given as follows. 
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Proposition 5. Suppose that 0 < p,.,. < 1 for all (e, z) e EA. If A is 
an increasing event and (e, z) �9 E,~, then 

0 ~p,,.: ~(A)= 
~(A) 

lim {P( Y,( e, z )  = l ) - P(  X , (  e, z) = l)} 
p,,,:(1 -p,, , :) ,- .~. 

~(A ) 
lim { P ( X , ( e , z ) = O ,  Y , ( e , z ) = l ) }  (4.14) 

p~.:(1 -p,, .:) ,-~ 

where (X,, Y,),>~o is a Markov chain on I2A x A with generator given by 
(4.9)-(4.11) and satisfying (Xo, Yo) = (0, 1). 

It is interesting to note that the main results of this paper are valid in 
considerable extra generality than the random-cluster processes only. Let 
us consider a measure v on (.(2A, ~A) given by 

v(og) = 1 { ~ "~" :1 1 ~'"~""-~} p,, =" ( -- p,, ._) p(r ~e,.(2 A (4.15) 
(e. En 

i.e., (4.1) with qk~,o) replaced by some positive function p(co) which does not 
depend on ~. It may be shown that Proposition 4 and (by Holley r the 
argument leading to Proposition 5 are valid so long as p satisfies 

p(ogvog')p(m^m')>~p(m)p(a~') for o9, m' e-QA (4.16) 

Subject to certain extra conditions on p, the remaining analysis of this 
paper may be validated for measures of the form (4.15) and their weak 
limits, leading thereby to generalizations of Theorems 1 and 2. 

There appeared at the end of Section 1 certain remarks concerned with 
the equality of critical exponents for Potts models, when some parameter 
J,. takes the value 0. In the associated random-cluster process, the corre- 
sponding parameter p,, = 1 - e  -t~J" takes the value p,, =0.  In proving these 
remarks, one needs a version of Proposition 4 which is valid at the point 
p,,.. = 0 for a.given (e, : ) s  E.~. For simplicity of notation, we write ~p for 
the measure ~b in (4.1) with p,,.: = p; thus, although ~ depends on ~ (and 
therefore on p), we shall think of it as a function of the real parameter p 
alone. It is an elementary calculation that (4.2) may be replaced by the 
formula 

S(B) S(B") {~,(A)- ~o(A)}, 
~'p(A) = [ p S ( B )  + (1 - p) S(B")  ]2 

0~<p~< 1 (4.17) 
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where - '  ~,(A) is the derivative (with respect to x) of ~.,.(A), evaluated at 
x = p, B is the event {weC2 A" co(e, z ) =  1 }, and 

s(c)= ~ ~(~),  c = _ ~  
~oe  C 

o~(O9) = { H p,OlJ:yl(l_pj:,.)l f..' .... (L.v)} 
( f ,  .v) e E A 
,qv :Ale. z) 

Note that the normalizing factor in (4.1) is given by 

qk(,o~, co e Q A 

Z(p)=pS(B)+(1-p)S(B") ,  0~<p~<l (4.18) 

where we have written Z = Z(p) to emphasize the parameter p. Therefore 

 Zll/W 
~'p(A) = ( Z -~ -~ j  ~',/2(A), 0~<p~<l (4.19) 

which is a formula which expresses the dependence of ~;,(A) on p. The 
events B and B" may be put in one-one correspondence by the mapping 
oY": ~-, r between configurations. It is then immediate, using (2.8), that 

Hence 

min 

S(B~) .< qt,.I- l (4.20) 
I <.% S ( B )  

1 + ql,,i ~ } 
1,2[p+-(?_-piq,Ct ,] 

_<Z(1/2) { l +q'"'-' } 
-.~ ~ ~< max 1,2[p+( l_p)q l , . t_ l ] ,  0 ~ p ~ l  

by (4.18). Taken in conjunction with (4.19), this implies in particular that 

1 1+ ~ _  -%<1 (4.21) 
4 ckl/2(A) 

which is to say that ~o(A) differs from ~'m(A) by a multiplicative factor 
which is bounded above and beneath by positive functions of q alone. 
Using this observation, one may adapt the arguments of the next two 
sections in order to obtain the conclusions described at the end of 
Section 1. 
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5. PRELIMINARY L E M M A S  

In proving Theorems 1-3, we shall make use of certain preliminary 
results largely concerned with the graph-theoretic structure of H. Our first 
lemma concerns random-cluster measures on hypergraphs which contain 
articulation points. Let H~ = (V~, E~) and H2= (V2, E2) be hypergraphs 
with exactly one common vertex, i.e., V~ n V2= {v}. Let Pl =(Pe:  eeEl) 
and P2 = (Pf: f e  E2) be vectors satisfying 0 ~< pg ~< 1 for all g ~ E~ u E2, and 
let q > 0 .  Let 4; be the random-cluster measure on the set t2;= {0, 1} e' 
of configurations of Hi with parameters p,. and q; let ~ be the random- 
cluster measure on I2~ x 1-22, thought of as the set of hyperedge configura- 
tions of the hypergraph H=(V,w V2, E~wE2), with parameters p =  
(pg:geE~uE2) and q. See (2.3) for the formal definition of these 
measures. 

L e m m a  6. We have that ~ = ~  x42,  which is to say that the 
random-cluster processes on Hj and H2 are independent. 

ProoL Since V~ and V2 have a single vertex in common, we have 
that 

k(oglxo92)=k(o~l)+k(o92)-I for oJi~f2i, i = 1 , 2  

where k(co,.) is the number of components of the hypergraph (Vi, r/(coi)), 
i =  1, 2, and r/(oJi) = {e~E~: og~(e) = 1 }. It follows from (2.3) that 

~(o~, x o~2) = ~1(~ol) ~2(~o2) (5.1) 

as required. | 

The next five lemmas are graph-theoretic. Remember that ~ is the set 
of all essential hyperedges; let 

V= u {e : e6~}  (5.2) 

and write Hg for the hypergraph (V, ~). We may obtain H~ by deletion of 
all inessential hyperedges and all vertices which lie in inessential hyperedges 
only. Let (e, z )e  3 ,  the set of inessential hyperedges. By Menger's theorem 
and assumptions (3.2)-(3.3), there exists a nonempty set C(e,z) ( ~ Z  a) 
such that every infinite path n of H which intersects the subset e + z.x of 
vertices has the property that its vertex set V(n) satisfies C(e, z) ~_ V(n). We 
choose C(e, z) to be maximal with this property, and we have by transla- 
tion invariance that C(e, z)= C(e, O)+ z.x; C(e, z) is exactly the set of all 
vertices whose removal from H leaves each (remaining) member of e + z.x 
in some finite component of the resulting hypergraph. As a consequence of 
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the definition of C(e, z), the points therein may  be placed in an order  
cL, c2 ..... in such a way that, for all n, every path joining a vertex of e + z .x  
to c,,+ ~ passes through c,, (see Fig. 2). Also, C(e, z) is finite since, if C(e, z) 
were infinite, then, by the connectedness of H, all hyperedges in Iv would 
be inessential, in contradict ion of (3.3). We define c(e, z) to be the final 
vertex in the list c~, c2 .... defined above. Let g(e, z) be the set of all end- 
points of paths of H which contain vertices in e+z.h" but not the vertex 
c(e, z), and let h(e, z) be the set of all hyperedges of H which are subsets 
of  g(e , z )=g(e , z )w{c (e , z ) } .  Note that  every hyperedge of h(e,z) is 
inessential, since every infinite path intersecting g(e, z) passes through 
c(e, z). 

L e m m a  7. Let rr be a finite or infinite, path of H. 

(a) If n is finite and both of its endpoints  lie in essential hyperedges, 
then all of the hyperedges of  rr are essential. 

(b) If ~r is infinite, and its single endvertex lies in an essential hyper- 
edge, then all of the hyperedges of rc are essential. 

Proof. (a) Let n be a path whose endpoints  u and v lie in essential 
hyperedges, and assume that n contains at least one hyperedge. Note  that  
u r by the definition of a path. Suppose that there exists an inessential 
hyperedge (e, z) in ~. It follows that u, vr g(e, z), since vertices ofg(e ,  z) lie 
in only inessential hyperedges. Therefore, u, v e7/a\g(e, z). However,  all 
paths from g(e, z) to the set {u, v} pass through the articulation point 
c(e, z), in contradict ion of the existence of n. 

(b) Let n be an infinite path whose endpoint  u lies in an essential 
hyperedge. Suppose that there exists an inessential hyperedge (e, z) in ~. By 
the above argument,  we have that  u~Za\g(e,  z), and as above there can 
be no infinite path from u which uses two or more  vertices of e + z.x.  II 

kemma 8. The hypergraph H ~ = ( V ,  e g ) i s  connected, and the 
vertex z. ~ lies in V for all z e 7/a. 

Fig. 2. Every infinite path beginning in e+z.~: passes through each c~. The set g(e,z) 
comprises all vertices to the left of cle, z) in this diagram. 



Potts Models and Random-Cluster Processes 95 

ProoL It is a consequence of (3.3) that the origin lies in some essen- 
tial hyperedge, and therefore lies in V also. As observed previously, H is 
invariant under lattice shifts of the form x~--,x+z.x for given z e2ed. 
Therefore H r is similarly invariant, implying that z. x ~ V for all z ~ 7/d. 

Let u, ve  V, and let ~ be a path of H joining u to v. Each of the 
vertices u, v lies in some essential hyperedge, and therefore all hyperedges 
of ~ are essential by Lemma 7. It follows that u and v are in the same 
component  of H~r, whence He  is connected. 1 

For  x ~ Z a, let 

Ilxll = max{lxi]: ! <<.i~d} 

Given two sets A, B c_ ya, we define 

where 

d(A, B) = max {d(x, B): x ~  A } 

d(x, B) = min { ]Ix - YII: Y ~ B } 

We recall the notation A(n)= [ - n ,  n] a, and we point out that d(A, B)<~ D 
if and only if A ~_ B + A(D). For  a path g of a hypergraph H, we write V(g) 
and Vh(g) for the set of vertices of rt and the set of all vertices lying in 
hyperedges of rt, respectively. It is important  to remember that V(rt) is not 
generally the same as Vh(rt); however, V(g)_~ Vh(g). 

k e m m a  9. There exists a positive integer D such that the following 
holds. For  all u, v ~ 7/a and any path 7t of 7/a joining u to v (where 7/a is 
thought  of as a graph with the usual nearest-neighbor relation): 

(a) There exists a path r~ of H joining u to v such that 
d(V(g), Vh(~)) < D. 

(b) If u, v~ V, then there exists a path g '  of H~ joining u to v such 
that d(V(~), Vh(g')) < D. 

With this choice of D, it is the case that 

A ~_A ~_A + A(D) 

for all bounded boxes A of 7/J. 

Proof. By virtue of (3.2) and the invariance of H under translations 
by multiples of x, there exists a constant D~ = DI(K) such that any two ver- 
tices u, v ~ [ a  with l lu-vi i  = 1 are connected in H by a path nu,, for which 
Vh(~,,v)~ {V} +A(DI). It follows that, for any pair u, vET/u, and for any 
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path n from u to v on the graph Z d with the usual neighbor relation, there 
exists a path ~ of H joining u to v such that Vh(~)~_ V(n)+A(D,). Part (a) 
follows for any D satisfying D > D~. The proof of (b) is identical to that of 
(a), replacing H by H~, and (3.2) by Lemma 8. 

Turning to the final assertion of the lemma, let A be a finite box, and 
let .~ be defined as before [see the text between (3.4) and (3.5)]. Suppose 
that yr There exists an infinite path n of Z d (with the usual 
neighbor relation) with endpoint y and containing no vertex of .4 + .4(D). 
By the proof of (a) above, there exists an infinite path of H with endpoint 
y and containing no vertex of .4. It follows that y~AA, implying that 
y C A = A w A A .  Therefore Ac_A+A(D) as required. II 

Let A be a finite box of 7/'/, and let gA = EA C~ F~, the set of essential 
hyperedges contained in/I .  

I . emma 10. (a) If u~,u,_EO~, then there exists a path of H 
joining uj to uz which contains only hyperedges lying in E\EA. 

(b) If furthermore u~,u,_e V~OZ, then there exists a path of He 
joining u~ to u2 which contains only hyperedges lying in o~\~'A. 

Proof. (a) Suppose u~, u2eOA; we may assume that ut 4:u2. By the 
definition of 0,~, there exist infinite paths gl and gz of H with respective 
endpoints u~ and u_,, and which contain no other vertices of 0,4 (and there- 
fore ~ and g2 contain no hyperedges of EA). Since g~ is infinite, it contains 
some vertex v~ lying outside A(m + D), where D is given in Lemma 9, and 
m = min{k: ,~c  A(k)}. Now, there exists a path of 7/~ (as a graph with the 
usual neighbor relation) from v~ to v2 which is disjoint from A(m + D). By 
Lemma 9(a), there exists a path g~ of N1 joining v~ to v2 which uses no 
hyperedges of E,f. The union of n3, together with the portion of each n~ 
between u~ and v~, contains a path of the required type joining u~ to u2. 

(b) Let u~,u2EVnOA, and u~#u2. By virtue of the assumption 
that u~, u2eOA, there exist infinite paths nj and 7tz of H with respective 
endvertices ut and u2, and containing no other vertices of 0.4. Since 
u~, u,_ e V, Lemma 7 implies that all hyperedges contained in ~t~ and n2 are 
essential. The proof is now finished as was part (a), this time by applying 
Lemma 9(b). II 

Given two subsets A~ and A_, of Z d, we say that "A~ is 2-connected to 
A~" if there exist two vertex-disjoint paths 

~ i = ( a i . l ,  g i . t ,a i .2  ..... gi. ri, ai.r,+l),  i = 1 , 2  

where the aci are vertices and the g~.s are hyperedges, such that a~.~ e A, 
and a~.,,+~eAa for i =  1, 2. Note that the paths n i are not required to be 
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hyperedge-disjoint. If the above holds, we write A I ~  A,_. If l A i n  A21 ~> 2, 
then it is immediate  that AI --* Az, by choosing nt and n,_ to be appropr ia te  
singleton vertices lying in A ic~ A2. 

We say that  "A t is 2-connected to oo" if there exist two infinite vertex- 
disjoint paths rt~= (ai.t, gi.l, ai.2,...), i =  1, 2, such that ai. 1 e a t  for i =  1, 2. 
In this case, we write A I --', oo. 

If A t is 2-connected to A2 by paths 711, n2 satisfying Vh(n~)___ A(M) for 
i =  1, 2, then we write A I ~  A2. 

I . e m m a  11. Let x e 7/a. There exists a positive integer I.,., depending 
on x only, such that e,f+x.~:~_A(Ix) and 

Proof. 

/ ,  
e , f + x . K  for all e, f e g  

Let x e 7/d. We claim that  

e - * f + x . x  for all e, f e g  (5.3) 

The lemma is a consequence of (5.3), as the following argument  shows. Let 
MI be such that  e , f+x .~:~A(M~)  for all e, f e g .  If e - - , f + x . x ,  then 
there exists a positive integer M(e, f )  such that  

M e,[" 
e , f + x . ~ ,  

Now set 

M2 =max{M(e, f):  e, f e ~ }  

and I,. = m a x { M  1, Mz}. 
Next we prove (5.3). Let e , . fe  g.  If e = f +  x. x, then l e n ( f  + x. x)l/> 2 

and the conclusion is immediate;  therefore we may assume that  e # f +  x.x.  
Let F be the maximal  number  of vertex-disjoint paths joining vertices in e 
to vertices in f + x . x .  Certainly F>_-I since H is connected. If F>~2, then 
e---, f + x.x.  Suppose then that  F =  1. By Menger 's  theorem, there exists a 
vertex v such that  every path from e to f +  x . x  passes through v. Since e 
(respectively f + x . x )  is essential, there exist two vertex-disjoint paths 
~tl(e),rt2(e ) connecting vertices in e to oo [respectively nl(f),Tt2(f) 
connecting vertices in f + x. x to oo ]. 

There exists a path % of minimal length joining v to some vertex of 
V(nt(e)) w V(rc2(e)). We pick such a path according to some rule, and may 
suppose without loss of generality that  v,. has an endpoint  in 7t~(e), say w,,. 
We pick similarly a path vj-, of minimal length, and joining v to some 
vertex of V(nl(f))w V0t2(f)) ;  we may suppose that v r has an endpoint  in 

822/75/1-2-7 
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7t~(f), say w r. The union of the paths ~(e ) ,  v,,, Vy, n~(f) contains a path 
joining some vertex of e to some vertex o f f +  x.x, namely the subpath of 
xt(e ) from e to w~, followed by v~ and vs, followed by the subpath of rot(f) 
joining wf to f + x. x. Certainly this is an alternating sequence v~, h~, v2 ..... 
h.,.,v~+~ of vertices and hyperedges such that vtee, v~+~ef+x.x ,  and 
{v~, v~+~} ___ h~ for 1 ~< i<~s. If this sequence is not itself a path, then a path 
may be obtained from it by a process of loop removal. In this way we 
obtain a path n joining some vertex of e to some vertex o f f + x . x  which 
is vertex-disjoint from ~r~(e) and ~r~(f). 

Let N be a positive integer such that V~(rt)~_A(N). Since n2(e) and 
nz(f) are infinite, they contain (respectively) vertices x,. and x s lying out- 
side A(N+D), where D is given by Lemma 9. Now x,. and xf are joined by 
a path of :Ya (with the usual neighbor relation) which lies entirely outside 
A(N+D). By Lemma 9, there exists a path 'rr' of H joining x~ to xf such 
that Vh(rr')c~A(N)= ~ .  The union of r~z(e), 7r', and n , ( f )  contains a 
path rt" of H, joining some vertex of e to some vertex o f f + x . x ,  which is 
vertex-disjoint from ft. However, v does not lie on ~r", which contradicts the 
definition of v. It follows that F #  I, and the proof is complete. | 

Let A be a finite box of 7/d, let ~ = (p~.:: (e, z )e  EA) be a vector of reals 
satisfying O<~p,..._<~ 1, and let q > 0 .  From ~ we construct the vector 
~=  (/~.:: (e,z)~EA) by 

p,,.: if (e, z )~  
/~"'-" = if (e, z ) 6 Y  (5.4) 

Let I2] be the set of all configurations og'=(tn'(e, z): (e, z ) ~ )  with 
t~'(e, z ) =  1 if (e, z)~SA, and let ~ ]  be the a-field of all subsets of f2]. 

Next we define some probability measures. Let ~A.~.,~ be the measure 
on (I2~, ~A) given by (4.1), and let O'~.~,q be the probability measure on 
(f2~, ~ ] )  given by 

1{ I-] ~176 ~'"~ 
0;'.~.,,I~~ 2 i,...,~,r,'.-- ,- 

o~' ~ ~ ,  (5.5) 

Here, Z is the appropriate normalizing factor and k(tn') is the number of 
components of (V, q(co')), where q(co')= {(e, z ) e g :  tn'(e, z)= 1 }. 

For ogEf2,, we define oJ' (~ s'2~) by 

co'(e,z)=oo(e,z) if ( e , z ) ~  

For A ' e ~ ,  we define the event A (e~A) as the set of all ~o (ef2A) such 
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that to' E A'; thus, A is the set of all configurations in f2 A whose projections 
onto g lie in A', i.e., 

A = ( A ' •  {0, I }E\~ n I2A 

Lemma 12. For any A'e#~, 

C A.~.~( A ) = r ,.~.~( A ) = r A' ) (5.6) 

This amounts to saying that, for any event which is defined in terms 
of the states of the essential elements of Ea only, this event is independent 
of the states of the inessential elements. 

ProoL Let A ' e ~ A .  It suffices to prove that 

r ,.~.,( A ) = r A'  ) (5.7) 

since ~b~.o., = q~'A.~.q by (5.4) and (5.5). Although configurations in g2 A and 
g2] have infinitely many coordinates (since there are infinitely many hyper- 
edges in ~ and or), we may think of (JA.~,q and (J'A.~.q as being measures on 
finite hypergraphs derived from H by identifying all vertices not belonging 
to A\OA. To this end we introduce the operator TA which performs the 
required identification. That is, for u ~ 7/a, we define 

{~ if u~A\OA 
Ta(u) = if uCA\OA 

where I is a title for the composite vertex obtained by such an identifica- 
tion. We write TA(e,z) for the set of vertices in TA(e+z.x), where 
(e,z)eE, and we denote by TAH (respectively TAH~) the hypergraph 
obtained from H (respectively Hr by this identification. 

We think of q~A.o.q as the random-cluster measure on TAH, and of 
r as the random-cluster measure on TAHr this may be done as a 
consequence of Lemma I0, on observing that, if toeg2A, then to(e, z )=  1 
for all (e, z) r ~A and to'(e, z) = 1 for all (e, z) ~ ~\gA' 

Let (e,z) be an inessential hyperedge of EA, i.e., ( e , z ) e J ~ - ~  
(= EA\SA). Making use of Lemma 10 and the discussion prior to Lemma 7, 
we have that .the hypergraphs TAC,..._ and TAD .... where Ce._.= 
(g(e, z), h(e, z)) and De._- = (Za\g(e, z), E\h(e, z)), have a unique vertex in 
common ['namely TA(c(e, z))]. Furthermore, T A H may be expressed as the 
union TACe.-_ w TADe.: of two hypergraphs having exactly one vertex in 
common. In addition, the event A' is defined in terms of the states of essen- 
tial hyperedges only, each of which has image (under TA) belonging to 
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TADe.:. It follows from Lemma 6 that A' is independent of all hyperedge 
states in Ce.:, which is to say that 

fb A.~.q( A ) = ~e.=( A,,.: ) (5.8) 

where ~._. is the random-cluster measure defined as was ~ba.~, q but on the 
smaller hypergraph D ..... and A,..: is the set of all configurations in 
{0, 1 }~\h~.:l whose projections onto g lie in A'. 

Having dealt with the inessential hyperedge (e, z) and the associated 
region (~(e, z), h(e, z)), we pick another inessential element of EA, and 
iterate the argument. Once all the inessential elements of F A have been 
removed, one obtains (5.7) in like manner as (5.8). 1 

6. REMAIN ING PROOFS 

Proof  o f  Theorem 1. (a) Let A ( ~ )  be the event {0,--~oo}. By 
Lemmas 7 and 8, the states of inessential hyperedges are irrelevant to the 
occurrence or nonoccurrence of A, and therefore 

A = A ' x  {0, 1} ~\g (6.1) 

where A' (_  {0, 1 }g) is the set of configurations of essential hyperedges in 
which there exists an infinite path beginning at the origin. 

We may apply Lemma 12 to the event A' c~(2] ( ~ )  to deduce that 

~A.~.q(Af3g'2A)=~A,fJ, q(At-3~2A)=~' (A' ~O'  v',t.f,.~ . . . .  A) (6.2) 

in the notation of that lemma. Therefore 

0A(p, q) = 0A(~, q) (6.3) 

in the notation of Theorem 1. The claim of part (a) follows in the limit 
as AT Z "~. 

(b) Let q>  1. Let pc  [0, 1] L be such that p e > O  for all e e g ,  and let 

t t 0](p, q) = ~bA.~.q(A ) 

where ~ is given by Pc.-_ = Pc, and A' is defined above. We have, by (6.2), 
that 

0A(p, q) = 0](p, q) (6.4) 

and therefore 

0'(p, q)= lim 0](p, q) 
,4 T z  a 
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exists and satisfies 

O'(p, q) = 0(p, q) (6.5) 

Once Theorem 2 has been proved, it will follow from (6.4) that there 
exists a positive integer N and a continuous function ~: (0, 1)~ ~ (0, oo) 
such that 0~,(p, q) = 0~nl(P, q) satisfies 

00;, t~0'. (6.6) 3p,, ~< ct(p) ap: 

for all n i> N and all e, fe r We now follow the proof of Theorem 2 of 
BGK exactly, to deduce that there exist positive constants 6, v, and eo, 
together with a full subset F of R L, such that 

0'(p + veg, q) ~< 0'(p + eh, q) ~< 0'(p + 6eg, q) (6.7) 

for all 0 < e < eo and all g, h e  F. Inequality (3.9) is a consequence of this, 
by applying (6.5). | 

Proof  of  Theorem 2. It is a consequence of (3.8) that the probability 
of the event A = {0 ~ ~ } is unchanged by setting Pe = 0 for all hyperedges 
e such that (e, 0) is inessential. As is implicit in Lemma 12, this amounts  
to working with the connected hypergraph Hr containing the essential 
hyperedges only, rather than working with the original hypergraph H. We 
shall find it slightly more convenient to work instead on H with Pe set to 
some fixed value for e e J ,  say p,, = 1/2. Such values are immaterial to the 
probability of A by virtue of (3.8). 

Let p e (0, 1)L and suppose Pe = 1/2 for e e J .  Let 

n(p) = min{pe, 1 - P e :  e e g }  (6.8) 

and let ~ =  (pe.._: (e,z)e~:_) satisfy 

�89 1 -- �89 for ( e , z ) e ~  (6.9) 

and p~,_ = p~ = 1/2 for (e, z) e ~ .  Let n be a positive integer, and let ~. be 
the measure defined in (4.1) with A = A(n). 

We have that 

dO, don 
Op = ~ , e e l '  (6.10) 

2: (e,z)EtYAIn) tgPe,: p=p 

where 0,(}, q ) =  ~ ( A ) .  In writing ~ = p we mean the second derivative to 
be evaluated by setting p~... = pe for all (e, z) e gAC,)- 
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Let (e, z), (f, x ) e r  I, and let M be a positive integer. We write 
(e, z) M,,  (f, X) if there exist two paths rt I and rc 2 of H, each joining a 
vertex of e+z . x  to a vertex o f f + x . x ,  such that: 

(a) These paths are vertex-disjoint. 

(b) Vh(Tzi)n/l(n)~_A(M)+z.~c for i = 1 , 2 ,  and also e+z.~c, 
f + x.x~_A(M)+ z.x. 

(c) No more than one of rrt, n 2 contains vertices of OA(n). 

If (a)-(c) are satisfied, it is a consequence of Lemma 7 that every hyperedge 
of nl and 7r2 is essential, and in addition at least one of n~, n2 uses only 
hyperedges in gAl,l' We write (e, z ) .M. , ,  (f, X) if tWO such paths nt,  n2 
may be found which satisfy Vh(n~)~ Vh(rr2)= ~ in addition. 

The principal steps in the proof of Theorem 2 are contained in the 
next two lemmas. 

L o m m a  13. Let M be a positive integer. There exists a continuous 
function ~M: (0, 1 ) ' ~  (0, o9) such that 

c30,, ~<~M(P) O0,, 
0p ,.= Opr.-----~ ( 6.11 ) 

for all (e, z), ( f  x) ~ gm,,i such that (e, z) . M . ,  (f, X). 

Proof. This fundamental lemma is proved using Proposition 5 in a 
manner closely related to the proof of Theorem 1 of BGK. 

Take A = {0 ~ oo } as usual, so that 0,,(~, q ) =  ~b,,(A). Let (X, Y) be 
the Markov chain constructed in Section 4 for this event, using the region 
A = A(n). Suppose that (e, z) and (f, x) satisfy the condition of the iemma, 
and let nl=(ul ,a l ,u2  ..... ar-l,  Ur) and n2=(Vl,bl,v2 ..... bs_l, vs) be 
paths satisfying (a)-(c) above, and with u~,v~ee+z.K, u,, v, e f+x.~: ,  
and Vh(nt)n Vh(n2)=~;  by (c), we may assume that /t t contains no 
vertex of OA(n), and hence a~e gin, I for all i. See Fig. 3. 

By Proposition 5, 

O0,, / O0 , ,  l im,_~{P(X,(e,z)=O, Y,(e,z)= l)} 
Op,..:/c?pr..,.=Y([J)lim . . . .  {P(X,(f,x)~O,, Y-~, x ) - -  1) i (6.12) 

for some continuous 7 which is positive and finite when ~e  (0, 1 )E. We shall 
show that there exists v(O), continuous and strictly positive when 
~e(0,  1) E, such that 

P(X,+~(f, x)=0,  Y,+ 3(f, x ) =  1) 

>~v(})P(X,(e,z)=O, Y,(e ,z)=l)  for all t (6.13) 
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Fig. 3. The hyperedges (e, z) and (f, x) are joined by two paths n I and rt 2, such that rt~ uses 
vertices of int(A(n)) only, and Vh(rq)n Vh(n~)= ~.  No other hyperedges of E.I~, ~, lying in 
B:. are present. The smaller box is z.h+ A(M). 

This clearly implies that  

lim,~.~{P(X,(e, z ) = 0 ,  Y,(e, z ) =  1)} 1 
lim, ~ ~ { p ( x , ( f ,  x) = 0, y ~ ,  .~-~- i-~ ~< v--~ (6.14) 

which in turn yields (6.11) with some ctM satisfying ctM(p)>_.y(~)/v(~), via 
(6.9) and (6.12). Inequali ty (6.13) will be obtained by showing that  

P(X,+3(f,x)=O, Y ,+3( fx )=l[X , (e , z )=O,  Y,(e,z)=l)>~v(~) (6.15) 

We now prove (6.15). Let B_ be the collection of all hyperedges of H 
which are subsets of ( z . •+  A(M))c~ A(n); these are hyperedges which are 
"near"  to e +  z.• and lie in A(n). In particular,  (e, z), (f,  x ) e  B_., and in 
addition B. contains all hyperedges of n~ and n2 which belong to Ea~,,~. 
Therefore ai~ B_ .for all i. We shall say that a hyperedge (g, y)  is "present 
in the process Z at time s" if Z~.(g, y ) - - 1 .  We introduce the following 
events: 

v ,= {X,(e, z)=0, Y,(e, z)= 1} 

W,= {X,(f, x)=0,  Y,(f, x) = 1} 
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In addition, we define the events V i, i =  1, 2, 3, by: 

(i) V 1 is the event that: during the time interval ( t , t + l ]  all 
hyperedges in B_ which are present in X, are removed,  and no hyperedges 
in B_ are added to X; (e, z) remains present in Y. 

(ii) V 2 is the event that: during ( t + l , t + 2 ]  the hyperedges 
a l ,  a2 ..... ar_ I, bl ,  b2 ..... b~ ,, (f, x) are added to X, but no other hyper- 
edges in B. are added to X; (e, z) remains present in Y. 

(iii) V 3 is the event that: during (t + 2, t + 3],  the hyperedge (f, x) is 
removed from X but not from Y. 

Note  that, due to the coupling of X and Y, the occurrence of VI may  force 
the removal  of some hyperedges from Y during (t, t + 1 ]. However,  on V,, 
(e, z) is absent from X and present in Y at time t. Thus, for V I to occur, 
X~.(e, z) and Ys(e, z) must remain constant  for t<s<~ t +  1. Similarly, the 
occurrence of V-' will force the addit ion of a , ,  a_, ..... a t_  ,, bl ,  b_, ..... b.,_ 1, 
(f, x)  to Y, if not already present at time t + 1, because X~ ~< Y~. [see also 
(4 . t l ) - (4 .13)] .  If  any of the hyperedges a t ,  az ..... a t_  1, b l ,  b2 ..... bs_ ,  lie 
outside EA~,,I, then it is automatical ly  present at all times in both X and Y, 
and the requirement on such a hyperedge under V ~ is vacuous. Note  that 
none of the events V,, V i for 1 ~< i~< 3, places any constraint  on the states 
of hyperedges outside B_. 

Clearly V, n V I ~ V z n V S ~ _ W , + 3 .  In order to prove (6.15) it 
therefore suffices to show that  

P(V~ n V'- c~ V31V,)>>, v(~) (6.16) 

Assume now that  V, occurs. According to (4.10) and (4.11), each 
hyperedge (g, y) (~ Ea~,,I) that is present in X is lost at a rate which is 
bounded away from 0, uniformly in the states of  all other  edges [and  
uniformly in all ~ satisfying (6.9)]. Moreover ,  the total rate at which 
changes occur within B. is no larger than the following upper  bound for 
the sum of birth and death rates: 

J[~g.  ) '  " 

by (4.6)-(4.11), where p = m a x { l e l : e ~ K } - l ;  the bound U does not 
depend on n or z but only on M and p. Therefore there exists v~(~) such 
that 

P( VII V,) >t v,(~) > 0 (6.18) 
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The quantity v~(~) [and quantities vi(~) to be defined soon] may be 
chosen to be continuous and strictly positive when ~ ~ (0, 1)~, and not to 
depend on the values of n and z. 

Underlying the argument of the previous paragraph is a small lemma 
concerning Markov chains, which we choose not to state formally. Such a 
lemma amounts roughly to the following. If, for each hyperedge (g, y) 
belonging to some set ff of bounded cardinality, the jump rate of some 
transition of the state of (g, y) is bounded away from 0, uniformly in the 
current states of all other hyperedges, then the probability that the 
appropriate transitions take place on a/ / the hyperedges in .~ during a given 
time interval is uniformly bounded away from 0. Similarly, if the total jump 
rate on a collection if' of hyperedges is uniformly bounded away from ~ ,  
then the probability of any change at all on if' is uniformly bounded away 
from 1. A simple way of seeing this is to construct the chain in terms of 
"exponential alarm clocks" sitting on the different hyperedges of ad and ~ '  
so that each hyperedge examines its state whenever its alarm clock rings, 
and it changes its current state according to a probability distribution 
which may be a function of the current states of the other hyperedges. 

Suppose that the event V,c~ V ~ occurs, and consider the event V 2. 
Each hyperedge (g, y) (e B.) is acquired by X (and also by Y if not already 
present there) at rate 1 [see (4.9)]; therefore there exists v2(~) of the 
required form such that 

P(V21V,c~ V')~> v2(~)>O (6.19) 

Suppose that V, n V~c~ V 2 occurs, and consider V s. At time t + 2, the 
only hyperedges of B.. which are present in X are (f, x) together with any 
ai and bj belonging to Em,,~. In general Y,+2 contains more hyperedges 
than does X,+~, and certainly at least (e, z), a~, a2 ..... at_ I, bl,  b2,..., b~_ ~, 
( f ,x) .  We have therefore that Dcx(X,+2)>DI.,.(Y,+2); see Fig. 3 and 
remember that Vh(nl)C~ Vh(n2)=~.  It follows by (4.11)-(4.13) that the 
rate at which (f, x) is removed from Y but not from X is at least 

1 - Pf'x ( q -  1) ~> 2 n(P) ( q -  1 ) > 0  (6.20) 
P~.x  - r e ( p )  

This implies t h a t  

P(VSl V,c~ Vl c~ VZ)>~ v3(~)>O (6.21) 

for some suitable v3(O). This in turn implies (6.15) with v(~)= v~(~)v2(~) 
v3(~); as described before, (6.11) follows for a suitable function aM. II 
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Lemma 14. Let M be a positive integer. There exists a continuous 
function f ig:  (0, 1) L--, (0, oo) such that 

00,, ~ (6.22) 
Ope._. <~flM(p) p/..~ 

for all (e,z), (f, x) ~ gA(,,) such that ( e , z )  g . , ,  ( f X ) .  

Proof.  We begin with a graph-theoretic observation. Let ~ = (vl, el, 
v2 ..... er, Vr+l) be a path of H. By the definition of a path, the v; and ej are 
distinct, but there may exist vi and ej such that v ~ e j  b u t j r  { i -  1, i} (if no 
such v,  ej exist, we call ~ loop-free). However, there exists a path g " =  
(ul = vi , f  l, u-, ..... f~, u,. + l =  Vr + ~ ) obtained from rr by deleting vertices and 
hyperedges, which joins v, to Vr+t and has the further property that u i~f j  
if and only i f j~  { i -  1, i}. Such a path zt" is obtained from rt by a process 
of loop removal as follows. Let J = J ( r c )  and K =  K(g) be given by 

J = min {j: vj ~ ek for some k > j} 

K = min {k: vj~ ek for some j > k + 1 } 

with the convention that the minimum of the empty set is oo. If J~< K and 
J <  0% we remove from rr the sequence ej ,  Vj+ 1 . . . . .  / ) j , ,  where 

J '  =max{l:  v s e e l }  

Note that J ' < r +  1, so that Vj,:/:Vr+~. If K < J  (and so K <  oo, also), we 
remove from n the sequence VK+,, ex+~,..., eK' ~, where 

K' =max{m: v , , e e x }  

Note that K +  1/> 2, so that VK+ I :/: Vl. This results in a new path rr' which 
is strictly shorter than n whenever either J(rt) or K(n) is finite. We iterate 
this construction, obtaining thus a sequence n, n', .... 7r" of paths, where rr" 
joins v~ to Vr+ ~ and satisfies J(vr"), K ( n " ) =  oo; n" is the required path. 

Next, we describe a construction on pairs of paths. Let (h, x )~  F. 
Suppose that (n~, n~) is a pair of finite vertex-disjoint paths of H, say 
rt~ = (a~.~, g~.i, a~.2,..., g~.r,, a~.r,+ j), where the ai.j are vertices and the g~.j 
are hyperedges. We assume that the triple (h , x ) ,  rc~,n2 is such that 
ai. t ~ h + x . K  but a ~ . j C h + x . x  for i =  1, 2 and j~> 2. We assume in addition 
that nj and 7t2 have the property described above, i.e., 

ai . j~gi ,  k if and only if k e { j - l , j }  for i = 1 , 2  (6.23) 

We shall describe a method which replaces the pair (rt l, rt2) by two pairs 
(a~, a ,)  and (n'l, rt'_,) of paths, where a~ and n; are (apart from minor 
changes) subpaths of n~, for i=  1, 2. 
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Let 

AI = min{j:  g, . j  c~ Vh(n2) :/: ~ ,  1 ~<j~< rl} 

If no such j exists, then Vh(n~)n Vh(n2)= ~ and we shall do nothing. 
Assume then that 1 ~< A~ ~< r~, and let 

A 2 = m i n { k :  gi.A, n g2.k VL ~ ,  1 <~k <~ r2} 

B, = m a x { j :  aj . jE g2.A2, 1 ~ j<~rl } 

B2 = max{k: a2.k ~ gi.A,, 1 <~k <~ rz} 

whenever these two maxima exist. In order to simplify the notation a little, 
we write 

O~l=ai.A~, /~1 : a i , A l +  1, ~1 : a I , B t ,  e l=gI .A i  

oe2=a2.A2, 132:a2.A2+~, ~12:a2,B2, e2:g2.a2  

Suppose first that 1 < A i ~  ri for i =  1, 2; there is an extra complication 
when A i =  1 for some i, and we shall deal with this later. Since A i >  1 for 
i =  1, 2, it follows from the definition of the A,. that 

0~1 r or ~el  

There are several cases, illustrated in Fig. 4. 

Case A. If f l2~e l ,  then d 2 +  I <~Bz<~r 2 and we define 

0.1 = (a,.i ,  gl., ..... g t .A, - i ,  oct) 

a2=(a2 . , ,  g2., ..... a2.A: l,c~2, e2, fl2) 

n'l = (/~1, gl. Al+ I ..... gl.r,, al.,,+ ,) 

re[ = (Y2, gz.n,. ..... g2.r2, a2.r2+ I) 

( h ' , x ' ) = e ,  (=g, .A,)  

Case B. If fl2r but fll Ee2, then A I + 1 ~<B, ~ r l  and we define 

al = (al. l, gl. i ..... g , .A,-  l, ~,, el, fit) 

0"2 = (az.i, g2,1 ..... g2, A2-1, 0~2) 

n'J = (71 ,  gl.n, ..... g , . r , ,  a l .r ,  + l )  

/Z~ = (f12, g2, A2+l ..... g2, r2' a2.~2+!) 

(h', x ' ) = e  2 (=g2, A2) 
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Case A: - . . . . . .  

v 

- -  rC 2 v 

e 1 

Case B" 

ch ~1 21 �9 ~ . . . . . . . . . . . . . . . .  , .  =re  1 

@ a ~ [ 3 2 2  = ~2 

e 2 

Case C: 
w'/~ 1 

= ~ = ~2 [ I 

OC 2 [3 2 

e l 

. . . . . . . . . . . . . . . .  1 _rCl 
Case D: 

1, ,~ ,i,,[3 - 
~ 2 

e 2 

Case E: 
. . . . . . . . . . . . . .  - r~ 2 w 

e 1 

Fig. 4. Cases A-E in the definition of the family {{h, x), ~l,  r (h', x'), n'L, n~}. In each case, 
the two leftmost lines depict o~ and a2, and the two rightmost lines depict n'l and n~. The left- 
hand endpoint of each ~i lies in h + x. ~:; the value of (h', x ')  is given in the right-hand column. 
The rectangles depict e~ and e 2. In Case C, the new vertex w lies in both el and e 2. 
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Case C. If f l 2 ~ e l  and fllq~e,_, we pick a vertex w satisfying 
w e e ,  h e 2  [no te  that  w~ V(n~)c~ V(n2) by (6.23)] and define 

a, = (a l . l ,  g , . ,  ..... g , . A , -  ,, ~ l )  

o'2= (a2.j, g2.1,---, a2 .A: - t ,  0~2, e2, w) 

n'l = ( i l l ,  gI .A,+l  ..... g l . r l , a l . r , + l )  

/t~ = (W, e2, f12, g2..r + 1 ..... g2.r2, a2:2+ l) 

( h ' , x ' ) = e l  (=gI .A, )  

Suppose  now that  A ~ =  1 but  A 2 >  1. In this case it may  occur that  
cr ee2 .  If czj ~e2,  we act as above. On the other  hand:  

Case D. If 0r e e2, then 1 ~< B) ~< r~ and we define 

a, =(~,) 

0"2 = (a2 ,1 ,  g2., ..... g2.A2- , ,  or2) 

7r', = (Yl, gl.B, ..... gL,, ,  a l : l +  i) 

rC, = (fl~, g2.A,. + l ..... g2.r,_, a2 . r2+  I)  

(h', x ' )  = e2 ( =  g2.,2) 

Suppose  that  A, > 1 but  A 2 =  1. If a 2 ~ e , ,  we act as in cases A-C,  
above. On  the other  hand:  

Case E. If ~ e e j,  then 1 ~< B2 ~< r= and we define 

al = (a l . i ,  gt . ,  ..... g L a , -  i, 0rt) 

n'1 = ( i l l ,  g1,A,+, ..... g L , , , a L ~ , + , )  

r~2 = ( '~2, g2.B,. ..... g2.,2, a2:,+ t) 

( h ' , x ' ) = e l  (=g l .A , )  

Final ly  suppose that  A ~ = A _ , = I .  If 0r and c~2r we act 
according to cases A-C.  If 0r 1 ~ ea we act according to case D, and if al  ~ e2 
but  a2 ~ et we act according to case E. 

We do one more thing before continuing.  Whenever  case C is invoked,  
a new vertex w is involved. If (under this case) w lies in some hyperedge 
of n~ (given in c a s e C )  in addi t ion  to e2, then the new path  n~ is not  
loop-free. If this occurs, we replace ~ by a new path  obta ined  from rt 2 by 
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the process of loop removal described at the beginning of this proof. Rather 
than introduce more notation, we shall continue to denote this new path 
by n~. 

By way of outcome, we obtain a family of objects which we write as 
{{h, x), aj, a,_, (h', x'), n',, rr'_,}, and the following may be checked in each 
of the above cases. 

(i) a~ and a2 are vertex-disjoint paths having initial endpoints in 
h + x . x  and final endpoints in h '+x ' . x ,  and such that V~(a,)c~ 
Vh(a2) = ~ ;  ai is a subpath of ni for i=  1, 2. 

(ii) n'l and n~ are vertex-disjoint paths having initial endpoints in 
h ' +  x'.• and having the same final endpoints as n~ and rt 2. In addition, n', 
is a subpath of n,,  and every hyperedge of n~ lies in n2. The n~ have no 
loops; n; is no longer than n; for i =  I, 2, and is strictly shorter for at least 
one value of i. 

(iii) (h', x') contains a vertex of rt~, and lies in either n, or n2. 

Let (e, z), ( f  x) satisfy the condition of the lemma. Let 

l ~ i = ( u i = a i ,  l ,g i ,  l ,ai ,2 ..... gi, ri, ai, r i+l=l) i ) ,  i = 1 , 2  

be vertex-disjoint paths with 

u j e e + z . x ,  v ~ f + x . x ,  Vh(rq)nA(n)~_z .x+A(M),  for i = ! , 2  

and assume that n~ contains no vertices of dA(n). We may assume that 
ai.i~ (e, z), ( f , x )  for all i,j; if this fails, we replace n~ and n 2 by 
appropriate subpaths. Without loss of generality, we may suppose that 
(6.23) holds; if (6.23) fails, then we replace (n,, rt,_) by subpaths obtained 
by the process of loop removal. Let H ' =  {j: g , . j n  Vh(n2):~ J75 } be the set 
of indices of hyperedges in 7r, which intersect hyperedges lying in 7r_,. 

If H ' = ~ ,  then Vh(Zrl)c~Vh0t2)=~, SO that (e, z) .;M'":. (f, x), 
whence 

c~0,, ~< ~M(O) &0'---2-' (6.24) 
C~pe.: cgp /:.,. 

by Lemma 13. 
Assume that H ' ~  ~ ,  and write (e ~ v ~ = (e, z). We apply the above 

I 19./ construction to the triple (e ~ v~ n~, n2 to obtain a family {(e ~ v~ a~, _ 
(e I, o~), n~, n~}. Having constructed the triple (e', v'), n' a, rt~ for some t, we 
apply the construction to this triple in order to obtain a new family 
{(e', v'), a I'+', a2,+r, (e,+i, v, y 1), /[tl+ 1 ' n 2 , + l } ,  whenever this is possible 
[i.e., whenever Vh(n't)c~ V,(n') r In this way we obtain a sequence 
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(e', v'), rt'l, n~,, O<~t<~k, of triples. The final term is such that Vh(nk)n 
Vh(n~) = ~ .  We then set (e k+ i, Vk+ I)= (f, X). 

Each hyperedge (e', v'), 1 ~< t ~< k, lies in either rq or rc2; by Lemma 7, 
all hyperedges of n~ and rt2 are essential, and therefore each (e', v') is 
essential. Furthermore, by (iii), each (e', v') contains a vertex of ~ ;  
since V(rc~)c_int(A(n)), it is the case that (e', v') lies in EAt,,r Therefore 
(e', v')~ gin,,, for 1 <~t<~k. 

Note that the value of k depends generally on the choice of (e, z), 
(f, x), M, and n. However, e ' + v ' . K ~ z . x + A ( M )  for O<<.t<<.k+ 1, and the 
(e', v') are distinct. There are only finitely many hyperedges contained 
in z . x + A ( M ) ,  and, by the translation invariance of H, we may find 
a constant K(M),  depending on M alone, such that k<~K(M) for all 
appropriate (e, z), (f, x), and n. 

As a consequence of the method of construction of the (e', v'), and 
particularly (i)-(iii) above, we have that 

M,n M.n M.n  (e, z) = (e ~ v ~ -: :- (e', v t ) .~ ,. (e 2, v 2) ." : . . . .  

M.n M.n ( e  k + i, ok  + i -' '- (e k, v ~) -~ ,- ) =  (f ,  x )  

We apply Lemma 13 iteratively, to obtain that 

O0,, O0,, 
Op,..: <~ ~M(p)k+ I 0/~f.x (6.25) 

The required inequality (6.22) follows from (6.24) and (6.25) by setting 

flM(p)=max{l,CtM(p) x~M~+~} II 

Lemma 14 is the main intermediate step in proving Theorem 2, in the 
following way. We shall use (6.10) in proving (3.10), in two stages. We 
partition the set 8m,, ~ into two subsets, containing, respectively, those 
hyperedges which are "close" to the boundary of A(n) and those hyper- 
edges which lie in the "interior" of A(n). For hyperedges (e, z) of the latter 
type, Lemma 14 may be applied to show that the forthcoming (6.26) is 
valid for some suitable function ft. Unfortunately, the corresponding 
argument for hyperedges of the former type is somewhat more complicated, 
and we deal with such cases later (see Lemmas 16 and 17). 

i . emma  15. Let I = I o  be given as in Lemma 11. There exists a 
positive integer N together with a continuous function fl: (0, 1 )L ~ (0, ~ ) ,  
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such that the following holds. Let e, f e  g. For all n/> N, and all z ~ 7/a such 
that z.x + A(31)~A(n),  

30,, ~</~(p) 00,__2_, (6.26) 
c~p,,. @f.: 

ProoL Suppose e, f E g  and z.x+A(31)c_A(n). We have from 
Lemma 11 that e,f~_A(I),  so that e+z .x ,  f + z . x ~ A ( n ) ,  implying that 
(e,z), (fz)~gA(,,i. Also e---%~ f, which is to say that there exist vertex- 
disjoint paths n~ and n2 joining e to f and using hyperedges contained 
in A(I). The translated paths n~ +z.x,  7t2+z.x join e + z . x  t o f + z . x  and 
use hyperedges contained in z . x+  A(I). We claim that 

[z .x  + A(I)] ~ OA(n) = (~ (6.27) 

from which it follows that 

e+z.• t.,, , f +z . x  

This in turn implies, by Lemma 14, that (6.26) holds with fl = / ~  and for all 
large n. 

As for the proof of (6.27), suppose that [ z .K + A ( I ) ] c~dA (n )#~ .  
There exists [by Lemma 7 and the definition of OA(n)] an essential 
hyperedge (g, y) which intersects both z . x + A ( I )  and A(n)"=7/a\A(n). 
However, by Lemma 11, all essential hyperedges have diameter (in the 
supremum norm [l" I[) not exceeding 21, in contradiction of the assumption 
that z.~-+ A(3I)~_A(n). ] 

Lemma 15 goes most of the way toward proving Theorem 2, by 
summing (6.26) over all appropriate z and applying (6.10). Unfortunately, 
a special and nontrivial argument is necessary in order to deal with hyper- 
edges (e, z) which lie near to the boundary of A(n), i.e., those hyperedges 
(e, z)ega,,~ for which z .K+A(31)~  A(n). Intuitively, such a "boundary 
effect" should be negligible in comparison with the "volume effect" 
provided by Lemma 15. In order to achieve this final step, we introduce a 
classification of hyperedges in ga,,l" 

Let int(A)=A\OA. We say that a hyperedge (e,z) (e~m,,~) is 
n-essential if there exists a path ~ connecting the origin to some vertex of 
e+z .x ,  and using only vertices of int(A(n)) [if the origin belongs to 
e + z.x, this path may be taken to contain the origin only, assuming that 
n is such that 0 ~ int(A(n))]. Since 0 lies in an essential hyperedge, we have 
by Lemma 7 that all hyperedges in such a path rt are essential. 

The summation in (6.10) may be restricted to hyperedges (e, z) which 
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are n-essential, as part (a) of the following lemma indicates. Part (b) asserts 
that all hyperedges of ~,t,) which are sufficiently distant from OA(n) are 
n-essential. Part (c) asserts roughly that, if (e, z) is n-essential and R >t 1, 
then there is a path from e + z.x to 0 which, apart from boundedly many 
vertices lying close to z .x ,  uses only vertices contained in A ( n - R ) .  

L e m m a  16. (a) Let (e,z)~o~m,,~ and suppose that (e,z)  is not 
n-essential. Then 

= 0  (6.28) 

(b) There exists an absolute constant J such that (e, z) (~gAC,,~) is 
n-essential for all e ~ g and all z (~ 7/u) satisfying z . x  ~ A ( n -  J). 

(c) For any positive integer R, there exists a positive integer 
A = A(R)  such that the following holds. For all sufficiently large n and for 
all n-essential hyperedges (e, z), there exists a path ~ joining a vertex of 
e+z . •  to 0 with V(~)~_int(A(n)) and satisfying V(~)cTA(n -R)"c_  
z.K + A(A). 

Proof. (a) Suppose that (e, z) (~SAI,,I) is not n-essential. Since (e, z) 
is essential, there exist at least two vertex-disjoint paths joining e + z.x to 
OA(n). Since (e, z) is not n-essential, every path of H joining some vertex 
of e + z . x  to 0 contains some vertex of OA(n). Hence, in the finite hyper- 
graph obtained from H by identifying all vertices not in int(A(n)), the 
composite vertex being labeled /, it is the case that all paths from e + z.x 
to 0 pass through L By Lemma 6, the event that 0 and I are in the same 
component is independent of the state of (e, z), whence (6.28) follows. 

(b) Let D be as in Lemma9, and I = I o  as in Lemma 11. Let 
J =  31+ D. Suppose z . x  E A(n - J) and let e ~ g; note that (e, z) ~ gm,~ since 

e +  z . x ~ _ z . x  + A ( I ) ~ A ( n - D -  21) 

There exists a path of Za (thought of as a graph with the usual neighbor 
relation) joining 0 to some vertex of e + z . x  and using only vertices of 
A ( n - D -  2I). By Lemma 9, there exists a path ~ of H~ joining 0 to some 
vertex of e + z . x  using hyperedges contained in A ( n - 2 I - 1 ) .  Since no 
essential hyperedge has diameter exceeding 2L we have that no vertex of 
lies in c~A(n). 

(c) For any set B of vertices of H, we let OB be the set of vertices u 
of B for which there exists v (r B) such that u.-, v. We denote by AB the 
set of all vertices v (r B) with the property that every infinite path of H 
beginning at v contains some vertex of B. We write B =  B u  LIB. 

822/75/I-2-8 
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Let R, n >/1, and let (e, z) be an n-essential hyperedge. For any path 
joining a vertex of e+z.h: to 0, we define 

B(rt, n)= min{r: V(rt) n A(n - R)" ~_z.x + A(r) } 

Thus, rt uses vertices in the union of A ( n -  R) together with the box with 
radius B(n, n) and center z.x. We let 

B(e, z, n) = min B(u, n) 
r t  

where the minimum is taken over all paths n joining some vertex of e + z .x  
to 0 and satisfying V(n)___ int(A(n)); such a path exists by the definition of 
n-essentialness. We need to prove that 

A = sup{ B(e, z, n): (e, z) is n-essential, n ~> 1 } (6.29) 

satisfies A < or. 
Suppose first that e + z . x  contains a vertex of A ( n - R - D - 2 I ) .  In 

this case, by the argument in the proof of part (b), there exists a path 
joining e + z . x  to 0 and using only vertices of int(A(n)) contained in 
A(n - R). Such r~ satisfies V(n) n A(n - R)"= f,~, whence 

B(e , z ,n )=O if ( e + z . x ) n A ( n - R - D - 2 l ) r  (6.30) 

It follows that we need only consider n-essential hyperedges (e, z) satisfying 

e + z . x ~  A(n + D ) \ A ( n -  R -  D -  2I) (6.31) 

since A(n)~  A(n + D) by Lemma 9. The basis of the required argument is 
the following. The hypergraph H is invariant under shifts of the form 
u~--',u+x.x for any given x (eZd), and therefore there are at most 
x~x2 "''Xd different "types" of vertex. By (6.30) and (6.31), we need only 
consider vertices within distance R + D + 21 of the bounding hyperplanes of 
A(n), i.e., the hyperplanes contributing to A ( n ) \ A ( n -  1). We shall see that 
there are only finitely many combinations (uniformly in n) of "types of 
vertex" and "nearby hyperplanes." In this way, the supremum in (6.29) 
may be taken over a finite set, implying as required that A < oo. 

We do not present the argument in every detail, but there follows 
sufficient information to check its validity. For a positive integer n, we let 

Hi(n)= {x~7/d:x i=n} ,  L i (n)= U Hi(k) (6.32) 
k<~n 
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We define L;(n) accordingly and note that, as in the proof  of Lemma  9, 

Li(n )~_ Li(n + D) 

For  veL~(n) we choose a path n = n ~ ( v , n )  of H (whenever such a path 
exists) such that: ( a )V(n )~_ in t (L~(n ) )=L j (n ) \OLi (n ) ,  (b) n joins v to 
some vertex of L~(n-  R - D -  2I), and (c ) the  quanti ty r(rO, given by 

r(rt ) = max { II x - v I1: x e V(Tt ) } 

is a minimum,  subject to (a) and (b) above. Such a path n;(v, n) has vertex 
set contained in v+A(r(rci(v,n))). We note that  r(rti(v,n))=O if 
v e L ; ( n - R - D - 2 I ) .  We denote by l~(v, n) the endpoint  of hi(v, n) lying 
in L;(n - R - D - 2I). 

Since H is invariant under shifts of the form u ~ u + x. x for any given 
x (e •d), there exists (in a manner  similar to that  of the proof  of the final 
assertion of Lemma 9) an absolute constant  U such that  

r(ni(v, n)) <~ U (6.33) 

for all triples (v, n, i) for which n;(v, n) exists. It follows that  

V(rti(v, n)) ~_ v + A(U) (6.34) 

whenever 7t~(v, n) exists. 
Let (e, z) be an n-essential hyperedge of gAI,I, and assume that  (6.31) 

holds. There exists a vertex v (~ e + z. x) and a path  n joining v to 0, satisfy- 
ing V(n) ~ int(A(n)). We shall assume that  v = (v~, o 2 . . . . .  Ud) satisfies 

v~ >/0 for all i 

An exactly analogous argument  is valid for any other combinat ion of signs 
of the vi, and there are at most  2 d such combinations.  By (6.31), v satisfies 

n - R - D - 2 I < v i < ~ n + D  for some i ~ { 1 , 2  ..... d} (6.35) 

Since (6.35) holds for some i, it holds for some smallest value of i, and we 
assume that  

n - R - D - 2 1 < v ~  <.n+ D (6.36) 

The following argument  is valid for other values of i also. 
Suppose, in addit ion to (6.36), that v satisfies 

O < ~ v ~ < n - R - D - 2 1 - 2 U  for i~ {2,3 ..... d} (6.37) 



116 Gr immett  

where U satisfies (6.33). Since (e,z) is n-essential and int(A(n))~ 
int(L~(n)), there exists a path joining v to L d n - R - D - 2 I ) ,  using only 
vertices of int(Ll(n)). By (6.33)-(6.37), n~(v, n) exists and satisfies 

VOtl(v,n))~_int(A(n)), l t ( v , n ) E A ( n - R - D - 2 I )  

By Lemma 9, there exists a path rt' joining l~(v, n) to 0 and such that 
V(n') ~_ A ( n -  R ) n  int(A(n)). The union of n~(v, n) and n' contains a path 
joining v to 0, using vertices of int(A(n)) which belong to A ( n - R ) u  
{v+ A(U)}. N o w  

v~e+ z .KEz . x  + A(I) 

There fore  IIv - z.xll <~/, imp ly ing  tha t  

B(e, z, n)<<, U + I  

under the assumptions (6.36) and (6.37). 
Suppose now that (6.36) holds but that (6.37) fails to hold for some 

i (>/2). Then (6.37) fails for some smallest value of i, and we shall assume 
for simplicity of notation that this value is i=2 ;  an exactly analogous 
argument is valid for other values. Assume then that 

n - R - D - 2 I < v ~ < ~ n + D ,  n - R - D - 2 I - 2 U < , v 2 < ~ n + D  (6.38) 

In the argument above [from (6.32) onward] we replace H~(n) and L~(n) 
by 

H,2(n)= {xE 7/a: x, =n, x2 <~n} u {xE 7/a: x, <~n, x2 =n} 

LI2(n)= U Hl2(k)=Ll(n)~L2(n) 
k ~<n 

and we define L~2(n) accordingly. For veL~2(n) we find a path 
n=nlz(v ,n)  which (a)uses only vertices of int(Lt2(n))=L~z(n)\OLl2(n ), 
(b)joins v to some vertex in L~2(n- R -  D -  2I), and (c)is such that rot) 
is a minimum subject to (a) and (b), whenever such a path exists. We write 
1,2(v, n) for the endvertex of nl2(v, n) lying in Ll2(n-  R - D -  21). 

As before, there exists an absolute constant U~2 such that 

r(/z|2(o, n))~< UI2 whenever n12(v, n) exists (6.39) 

Assume in addition to (6.38) that 

O < ~ v ~ < n - R - D - 2 I - 2 ( U + U ~ 2 )  for i~>3 (6.40) 
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Under this extra assumption, it is the case that ( a ) n i 2 ( v , n )  exists, 
(b) V(rCl2(V, n)) ~ int(A(n)), and (c) ll2(v, n) ~ A(n  - R - D - 2I). There 
exists a path ~' joining lt2(v , n) to 0 and using only vertices of int(A(n)) 
contained in A ( n - R ) .  The union of n,2(v, n) and n' contains a path n 
joining v to 0, using vertices of int(A(n)) which belong to A ( n - R ) w  

{ v + A ( m a x { U ,  UI2})}. It follows as before that B(e, z, n)~< max{ U, U12} + I  
under assumptions (6.38) and (6.40). 

We now iterate this argument. At the next stage, we suppose that 
(6.40) fails for some i (>/3), say the value i =  3. That is, we replace (6.38) 
by 

n - R - D - 2 I < v j < ~ n + D ,  n - - R - D - 2 I - 2 U < ~ v 2 < ~ n + D  
(6.41) 

n -  R -  D -  2 1 -  2( U + Ul2) <<. v3 <<. n + D 

Arguing as above, but replacing H,2(n)  by 

H123(n ) = { x ~ 7/a: x t , x 2, x 3 <~ n, x i = n for some i = 1, 2, 3 } 

and making further appropriate changes, we obtain B(e , z ,n )<~  

max{U, U~2, U~23} + I  for some appropriate constant U123, whenever it is 
the case that 

O < ~ v ; < n - R - D - 2 1 - 2 ( U + U I 2 + U ~ 2 3 )  for i>~4 (6.42) 

in place of (6.40). 
We may continue in like manner until all of the (bounded number of) 

possible cases have been dealt with. We have made various assumptions 
above, particularly in the choices of i in (6.35), (6.38), and (6.41). At each 
of these (and subsequent) stages, there are only boundedly many 
possibilities (uniformly in all large n), and the corresponding argument is 
valid for all of them. Since each possibility leads to the conclusion that 
B(e, z, n) is uniformly bounded for all large n, we deduce that 

B(e ,z ,n )<<.U'  if v~>(0, 0 ..... 0) 

for some absolute constant U', so long as n is sufficiently large. Exactly 
similar arguments are valid when some of the v; are negative. Since there 
are only boundedly many combinations of signs of the v;, we deduce that 
the constant A given in (6.29) is finite, and the proof is complete. | 

With the aid of Lemma 16, we may establish the final step in the proof 
of Theorem 2. 

Lemma 17. Let I = I o  be given as in Lemma I1. There exist 
positive integers R and S and a continuous function y: (0, 1)s ~ (0, ~ )  
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such that the following holds. Let e, f E  ~, and let n >/R. Suppose that z is 
such that 

z .x+A(3I)  ~ A(n) and (e,z) isn-essential (6.43) 

There exists y E 7/d such that IlY-zll ~< S, (f, y) is n-essential, and 

00,, 0 0 .  (6.44) 
Ope, <~ Y(P) opy..----- 

Before proving Lemma 17, we show how it may be used to deduce 
Theorem 2. Le t / ,  N, R, S, /3, y be as in Lemmas 15 and 17, and suppose 
n>~max{N, R}. Fix e, f e r  Let Z,  be the set of all z (eT/a) such that 
z.x+A(31)~_A(n), and let Zz be the set of all z such that (e, z)~ 8,,,~ and 
z .x+A(3I)  ~ A(n). We have by (6.26) that 

00,, ~< O0,, 
Y" ap,,..n(p) Z 

: ~ z l  : e z j  Opf.: 
(6.45) 

Furthermore, by Lemmas 16(a) and 17, 

_ 80, 

:~z20p,..: = 

O0, c~0,, 
~" cgPe,: <~y(p) ~z o (6.46) 

:~zz: : - 2 0 - . / ; r  
(e. z ) is n-essential 

where y = y(e, f, z, n) satisfies IlY - zlb ~< S and (f, y) is n-essential. Let T be 
an upper bound for the number of points x (eZ  a) satisfying Ilxll ~< S. 
By (6.46), 

00,, <<. - -  dO,, 

which may be combined with (6.45) to yield, via (6.10), 

00,, <<. ~(p) O0,____:, 

@,, Opt 

where ~(p) = fl(p) + TT(p). This proves Theorem 2. 

Proof of Lemma 7 7. Let n ~> 1, e, f ~ r and let (e, z) satisfy (6.43). 
Let D be given as in Lemma 9, lx as in Lemma 11, and J as in 
Lemma 16(b). For all sufficiently large n, we may find y (e Z d) such that 
(a) [[y-zH <.2(3I+J+D), ( b ) y . ~ 6 A ( n - J ) ,  and (c)e+z. t r  a n d f + y . ~  
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are disjoint, where 1=1o ;  we choose y accordingly. We have from 
Lemma  16(b) that  (f,  y)  is n-essential. Using L e m m a  11, we have 

e r ' f + ( y - - z ) . x  

where T = max { 1~: [I u]] ~< 2(31+ J + D) }. Therefore there exist at least two 
vertex-disjoint paths n , ,  n2 joining vertices of e + z . x  to vertices of  
f +  3'. x, these paths using hyperedges contained within z. x + A(T). Either 
(e, z) 7-.,, (f,  y), or not. If  (e, z) - -~  (f, y), we may apply Lemma  14 to find 
that 

d0,, 00,, 
ap,.:  T(p) 

for all large n, in which case (6.44) is proved for suitable y and S. 
Suppose then that  it is not the case that  (e, z) ~ (f, y). In this case, 

we must pick the above pair nt ,  n2 in such a way that  both nt and n2 
contain vertices lying in 8A(n). For  i =  1, 2, we write n~(e, z) [respectively, 
hi(f ,  y ) ]  for the maximal  subpath  of ni containing the endvertex of ni lying 
in e + - .  K (respectively, lying in f + y.  x) but containing no vertex of 8A (n). 

Since (e, -)  [respectively (f, y ) ]  is n-essential, there exists a path ne 
(respectively nr)joining some vertex of e + z .x  (respectively f + y. ~) to 0, 
and using only vertices of int(A(n)). By L e m m a  16(c) and assumption (a) 
above, we may choose n,. and n t with the following property:  there exists 
an absolute constant  A = A(D, I, J) such that  any vertex v of ne or ns which 
is not contained in A(n -- 2D - 21) satisfies v ~ z. x + A(A ). By appealing to 
Lemma  9, we may find a constant  B = B(A, L D, T) such that  there exists 
a path n,:t. joining some vertex of e+z .K to some vertex o f f + y . x  and 
using only vertices in i n t (A(n ) )~  [z.x + A(B)] ;  cf. (6.27). We may assume 
that B >/T. 

If ne i uses no vertex contained in either nt or  n2.(except possibly for 
vertices of e + z . x  or f +  y.K), then 

( e , - )  s.,, , (j~ y)  (6.47) 

whence (6.44) follows by L e m m a  14 for appropr ia te  ), and S; see Fig. 5. On 
the other hand, if n,:f uses some such vertex, then there may be a last vertex 
of n,. s (proceeding along n,:/, starting from its endpoint  in e + z .x )  lying on 
either n,(e, z) or n2(e, -), and there may be a first subsequent vertex lying 
on either h i ( f ,  y') or nz(f, y). More  precisely, let Wl, w2 ..... wr be the 
vertices of n,, s in order, where w t e e + z. x and wr e f +  y.x.  Let 

/ = m a x { k :  Wk~ V(nl(e, z ) )w  V(n2(e, z))} 

j =  min{k: k > i, wk ~ V(~l(f, y)) u V(rtz(f, y))} 
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Fig. 5. A sketch of the situation in the proof of Lemma 17, when x,. t has no vertices in 
common with rq and x,. 

with the convention that the maximum (respectively minimum) of the 
empty set is - ~  (respectively m). Suppose that 1<~ i, j<~r, and we may 
suppose without loss of generality that wi lies on ~j(e, z) and % lies on 
n~(f, y) for some/.  In such a case, one may see as follows that (6.47) holds. 
One path from e + z . K  to f + y . ~ :  of the required form is obtained by 
following ~l(e, z) to wi, then following G~c from % to "9, and then follow- 
ing x/(f, Y) to f +  y.~:; if this sequence does not form a path, then a path 
may be obtained from it by a process of loop removal. Another such path 
is obtained by following x2(e, z) to OA(n), then some path of ~-a\int(A(n)) 
to a vertex of OA(n) adjacent to an endpoint of ~k(f, Y) (where k 4: l), then 
following xk(f, Y) to f +  y.K. These two paths are vertex-disjoint, and we 
have in conclusion that (6.47) holds as before. 

The remaining two cases arise when either i =  - ~  or j =  oo; certainly, 
either i/> 1 o r j  ~< r, by the assumption that G:t has some vertex in common 
with V(x l )w  V(xz). Suppose that i = - m  and j<~r (the other case is 
similar). One path of the required sort is obtained by following x,.I from "1 
to wj, then x~(f, y) from "'i to f +  y.t,-; the other such path is obtained as 
before. Thus (6.47) holds. II 
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ProofofTheorem3. (a) If~(J,  f l )=O(J' ,[3)forall[3then,  by(3.8), 

0(p(J, fl), q ) =  0(p(J', fl), q) for all fl 

whence/~,.(J, q) = [3,.(J', q). 
(b) Certainly fl,.(., q) is nonincreasing, since 0(., q) is nondecreasing. 

Suppose it is the case that fl,.(J, q)=/3,.(J', q) (=tic, say) for some pair 
J, J '  satisfying the conditions of the theorem. Then p(J, [3,.), p(J', tic) E Cu, 
in contradiction of Theorem l(b), particularly the deduction at the end of 
the subsequent paragraph. II 
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